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Mixing in curved tubes
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Abstract

The mixing efficiency in a curved tube is a complex function of the Reynolds number, Schmidt number, curvature ratio and tube pitch,
therefore, the relative effectiveness of a helical tube is quite complicated and challenging over a straight tube. A state of art review on mixing
of two miscible liquids in curved tubes revealed that the mixing in coils of circular cross section has not been reported in the literature. In the
present work a computational fluid dynamics study is performed in curved tubes of circular cross-section of finite pitch under laminar flow
conditions to examine the scalar mixing of two miscible fluids using scalar transport technique. In the present study the phenomenon of mixing
by convection and diffusion of two flow streams with inlet scalar concentrations of zero and unity in the two halves of a tube perpendicular to
the plane of curvature has been reported. The mixing efficiency has been quantified with concentration distributions and unmixedness coefficient
at different cross-sections and process conditions (Reynolds number, Schmidt number and curvature ratio) in the straight and curved tube of
circular cross-section. The result shows that, in curved tube, for higher Schmidt number fluids, mixing is considerably improved at moderately
low Reynolds numbers (Re ∼ 10), but is not affected for Reynolds number of the order of 0.1. It is also reported that mixing in the curved
tube is higher at low values of curvature ratio as compared to the higher curvature ratio.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Mixing is an essential component of nearly all industrial
chemical processes, ranging from simple blending to complex
multi phase reaction systems for which reaction rate, yield
and selectivity are highly dependent upon mixing performance.
Consequences of improper mixing include non-reproducible
processing conditions and lowered product quality, resulting
in the need for more elaborate downstream purification pro-
cesses and increased waste disposal costs. Despite its impor-
tance, however, mixing performance is seldom characterized
rigorously for industrial systems. Detailed characterization are
important, particularly in slow-moving laminar flows of high
viscosity materials which have a serious potential to lead to in-
homogeneity and poorly mixed regions within the flow systems.
The fluids to be mixed are usually liquid with small diffusion
coefficients. Mixing of liquid solutions in the micro-channels is
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slow partly due to the low diffusivity of molecules in liquids.
A pipe of a length of 100–200 diameters would be needed to get
a well-mixed fluid, which seems to be impracticable. For the
mixers that have the dimensions of the order of tens of microns,
the molecular diffusion based mixing time is of the order of
seconds, while mixers with dimension of the order of hundreds
of microns, molecular diffusion based time for complete mixing
can be of the order of tens of seconds. Therefore diffusion
times are large. Recently with the advent of new innovative
devices, many studies have been performed aiming at providing
an efficient method of mixing under laminar conditions.

In the literature, the numerous mixer designs have been pro-
posed, and are classified into two main categories: active and
passive. In active mixing, the energy input for mixing is derived
from the external source, while in case of passive mixing flow
energy is utilized to restructure the flow in a way that results in
improved mixing (due to pumping action or hydrostatic poten-
tial). Active mixer produces excellent mixing, but they are often
difficult to fabricate and maintain. Passive mixers are attractive
because of their ease of operation and manufacture. Table 1
shows some of the active and passive mixing techniques.
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Table 1
Characterization of mixing processes at microscale

Approach Reference

A. Active mixing
Ultrasound Yang et al. (2001)
Acoustic, bubble-induced vibration Liu et al. (2002, 2003); Evans et al. (1997); Deshmukh et al. (2000)
Electrokinetic instabilities Oddy et al. (2001)
Periodic vibration of flow rate Glasgow and Aubry (2003)

Niu and Lee (2003)
Qian and Bau (2002)
Volpert et al. (1999)
Lee et al. (2001)

Elecrowetting-induced merging of droplets Palk et al. (2003)
Peizoelectric vibrating membranes Woias et al. (2000)
Magneto-hydrodynamic action West et al. (2002)
Impellers Lu et al. (2001)
Integrated microvalves/pumps Voldman et al. (1998)

B. Passive mixing
Interdigital multi-lamellae arrangement Bessoth et al. (1999); Branebjerg et al. (1996); Drese (2003); Ehlers et al. (2000);

Ehrfeld et al. (1999); Floyd et al. (2000); Hardt and Schönfeld (2003);
Hessel et al. (2003); Löb et al. (2004); Zech et al. (2000)

Split-and-recombine concepts (SAR) Branebjerg et al. (1996); Schönfeld et al. (2004); Schwesinger et al. (1996)
Chaotic mixing by eddy formation and folding Saxena and Nigam (1984); Jen et al. (2003); Jiang et al. (2004); Lee et al. (2001);

Liu et al. (2001);Niu and Lee (2003); Qian and Bau (2002); Solomon and Mezic (2003);
Stroock et al. (2002a, b);

Nozzle injection in flow Miyake et al. (1993);
Collision of jets Penth (1999); Werner et al. (2002)
Coanda-effect Hong et al. (2001)

In the present work curved tube of circular cross-section has
been considered to characterize the mixing as it is extensively
used in industrial practice. Dean (1927, 1928) was the first to
investigate flow in helically coiled circular tubes, and found
that a pair of symmetric vortices was formed on the cross sec-
tional plane due to centrifugal force (Fig. 1). The strength of
secondary flow is characterized by Dean number,

De = Re/
√

�, (1)

where � is the curvature ratio and is defined as the ratio of
coil radius to tube radius i.e., � = Rc/a. Extensive reviews
on flow fields in curved ducts were reported by Berger et al.
(1983), Shah and Joshi (1987) and Nandakumar and Masliyah
(1986). These studies have been focused to discuss the effect of
secondary flows; enhanced shear stress and heat transfer rates.
However to the best of our knowledge, no previous study has
been reported to study the mixing efficiency in the curved tube
of circular cross-section.

Liu et al. (2000) and Yi and Bau (2000) used a series of
short rectangular bends to produce the stirring of the two
fluids. The bend-induced cross-stream vortices generated in
their work were observed to decay quickly in the downstream
straight sections of the bend tubes because of the viscous
effects. Schönfeld and Hardt (2003) proposed a different con-
cept of chaotic mixing which relies on helical flows induced
in planar curved channels. In the micromixers proposed by
them, the mixing time was in the range of milliseconds, thus
lending towards the fast, mass-transfer-limited reactions. Jiang
et al. (2004) and Vanka et al. (2004) studied in contrast to

the designs reported previously, only simple planar channel
geometry without multi-step or three-dimensional (3-D) struc-
tures is sufficient to induce chaotic mixing. Vanka et al. (2004)
have studied the mixing in square cross-sectional curved ducts
while Jiang et al. (2004) have proposed a s-shaped geometry
to generate chaotic flows by alternating switching between
different flow patterns. However these studies have been per-
formed for planar curved ducts with square cross section and
zero pitch.

The number of investigations to the mixing mechanisms is
limited, probably due to experimental difficulties. The recent
advancements in Computational Fluid Dynamics (CFD) have
raised the question to which extent computer simulations can
be used as a tool in the design and analysis of helical mix-
ers. In the area of characterizing mixer performance, CFD has
been used in a number of cases (Byrde and Sawley, 1999;
Fourcade et al., 2001; Bakker et al., 1998). A series of mix-
ing criteria have been reported to assess the ability of a given
mixer. Some of these criteria are based on chaos analysis, the
level of chaos giving an indication on mixing efficiency. In
the present work, mixing efficiency in helical tubes with non-
zero pitch and circular cross section have been studied us-
ing the criterion of unmixedness coefficient as discussed by
Vanka et al. (2004) for planner geometry. The mixing effi-
ciency has been quantified with concentration distributions and
unmixedness coefficient at different cross-section and at dif-
ferent process conditions (Reynolds number, Schmidt number
and curvature ratio) in the straight and curved tube of circular
cross-section.
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Fig. 1. Dean vortices (a) and axial velocity contours (b) in the curved tube of circular cross-section.

2. Numerical model

The geometry considered and the systems of coordinates
used in the present study are shown in Fig. 2. The circular pipe
has a diameter of 2a and is coiled at a radius of Rc, while
the distance between two turns (the pitch) is represented by H.
The Cartesian coordinate system is used in numerical simula-
tion to represent a helical pipe. Since it is assumed that the
two liquids are miscible and have similar properties, the flow
profiles were calculated with only a single fluid. Fully devel-
oped velocity profiles were employed at the inlet of the curved
tube. The regime of greatest interest for mixing is for the small
Reynolds number (0.1, 1, 5 and 10) where the inertia effects
to be substantially absent. In this regime, the flow becomes
largely independent of Reynolds number as the flow field in the
mixing channel reaches its developed state within a distance
less than approximately one tube diameter (Boussinesq, 1891);
the hydrodynamic developing length in the straight tube is,
L/d = 0.065Re (Durst et al., 2005). The study was performed
for Reynolds number varying from 0.1 to 100 with Schmidt
number varying from 1 to 1000 and curvature ratio from 5 to
10. The simulations were carried out for a dimensionless finite
pitch of 0.024 (H ′ = H/2�Rc). The scalar transport technique
was used to simulate the flow of two miscible liquids. Once the
steady state solution was established, the transport equations
of a scalar were solved over the fixed flow field to determine
the mixing characteristics. The governing equations foror three-
dimensional laminar flow in the curved tube could be written
in the master Cartesian coordinate system as

Continuity equation:

�ui

�xi

= 0. (2)

Momentum equation:

�

�xj

[
�

(
�ui

�xj

+ �uj

�xi

)
− �ujui − �ijp

]
= 0. (3)

Fig. 2. Coordinate system used for the computation.

Scalar transport:

�

�xj

[
�

(
�c

�xj

)
− �uj c

]
= 0, (4)

where � is the density of fluid, u is the velocity of fluid and �
is the diffusion coefficient.

No-slip boundary condition, i.e., ui = 0, and the zero
derivative conditions for the scalars were imposed on the
wall. At the inlet of the curved duct, the scalar concentra-
tions of 0 and 1 were prescribed in the two halves of the
duct perpendicular to the plane of curvature. The scalar con-
centration was initialized such that the interface was per-
pendicular to the direction of the secondary flow. The flow
fields were solved first because the values of density and
viscosity did not influenced by the scalar fields. The convec-
tion term in the governing equations was modeled with the
bounded second-order upwind scheme and the diffusion term
was computed using the multilinear interpolating polynomials
nodes Ni(X, Y, Z). The SIMPLE algorithm is used to resolve
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Fig. 3. Grid topology at a cross-section.

the coupling between velocity and pressure (Patankar et al.,
1974).

The grid was generated with GambitTM and exported to
Fluent 6.2 for performing the flow and mixing computations.
The computational domain considered in the present work is
of coil with 4 turns. Unstructured grid was considered for the
present study as shown in Fig. 3. Fully developed velocity
profile was prescribed at the inlet. About 800 iterations were
needed to achieve convergence of steady state solution. Start-
ing the computation with a relatively accurate initial guess for
the flow field had a positive effect on the speed of convergence.
The numerical computation is considered converged when the
residual summed over all the computational nodes at nth it-
eration, Rn

�, satisfies the following criterion: Rn
�/Rm

� �10−8,
where Rm

� denotes the maximum residual value of � variable
after m iterations, � applied for p, ui , and for scalars. After
the flow field is fixed, the scalar transport needed only 10–15
iterations for convergence and the residuals for scalar attained
similar levels as for flow calculations.

In order to quantify the mixing efficiency we used
the unmixedness coefficient defined for a cross sectional
area as,

� =
∫ [c − c(xi)]2 dA

c
, (5)

where � is the unmixedness coefficient. This represents the
root mean square average deviation of the fluid from complete
mixing. The quantity c represents a local area weighted mean
concentration over the cross-section given by

c = 1

A

∫ A

0
c(xi) dA. (6)

Thus higher the value of � lower is the mixing and for complete
mixing � is zero.

2.1. Grid independence test

The grid independent test for both flow fields and scalar fields
were reported separately. For flow fields the grid-sensitivity
tests were carried out with four grids consisting of 353 × 200,
432 × 300, 625 × 200 and 1390 × 200 (cross-section × axial
mesh). Fig. 4a shows the velocity profiles in horizontal cen-
terline at the outlet of the curved tube at Re = 100 and � = 10
for all the grid systems. It can be seen from these plots that
the 625 × 200 grid gave good accuracy, given that the velocity
profiles agreed closely with the solution on the 1390 × 200
grids. The fully developed velocity profiles in the present
work were also compared with the experimental and analyti-
cal data of Mori and Nakayama (1965) and numerical data of
Patankar et al. (1974) to validate implementation of curvature
and FLUENT predictions at higher Reynolds number. Fig. 5
shows that the present predictions using FLUENT are in good
agreement with the predictions of Mori and Nakayama (1965)
and Patankar et al. (1974). The flow pattern at intermediate
Reynolds number were also compared and found in good
agreement to those observed by the previous investigators
(Jones et al., 1989; Duchene et al., 1995; Kumar and Nigam,
2005).

For the scalar field, grid independence was more diffi-
cult when the Schmidt number was high. As a result, much
higher resolutions were needed for grid-independent mixing
efficiencies. A systematic grid sensitivity investigation was
performed at Sc = 1000 and Re = 20, with grids as fine as
3416 × 400 (cross-sectional × axial grid) control volumes for
a curved channel of curvature ratio � of 5. Fig. 4b shows the



5746 V. Kumar et al. / Chemical Engineering Science 61 (2006) 5742–5753

Fig. 4. Grid independent test: (a) velocity profiles in horizontal centerline at the outlet of the curved tube (Re = 100 and � = 10); and (b) unmixedness
coefficient as a function of distance along helical tube (� = 5) for different Grid sizes shown as, number of cells in a cross-section x divisions/90◦ turn.

Fig. 5. Comparison of velocity profiles at De = 632.4, D/d = 40 with experimental data of Mori and Nakayama (1965) and computational data of Patankar
et al. (1974) at: (a) horizontal centerline; and (b) vertical centerline.

unmixedness coefficient (defined by Eq. (5)) as a function of
streamwise distance for different grids. It can be seen that
a 1764 × 400 grid was necessary to obtain grid-independent
results at Sc = 1000.

3. Results and discussion

3.1. Straight tube

In order to standardize the technique the computations were
first carried out in straight tube geometry. The simulations were
carried out on half cross-section of the tube to avoid the large
number of cells in the straight tube geometry. Fig. 6 shows the
scalar concentration profile for various planes in the straight
tube cross-section for different values of Re Sc = 100 (i.e.,
Re=100 and Sc=1), Re Sc=100 (i.e., Re=0.1 and Sc=1000)
and Re Sc = 20, 000 (i.e., Re = 20 and Sc = 1000). The fully

developed non-dimensional velocity profiles were independent
of the Reynolds number; therefore, the concentration profile is
a function of Peclet number (i.e., the product of the Reynolds
number and Schmidt number) only. It can be seen that even for
small value of Schmidt number (large diffusion coefficient) the
mixing is poor, as seen by the narrow spreading of concentration
profile. The relatively larger diffusion at the walls is explained
by the slower axial velocities in that region. It can be seen from
Fig. 6a and b, that there is less mixing in the straight tube for
Re=0.1 and Sc=1000 as compared to the Re=100 and Sc=1.
Fig. 6 also shows that, there is less mixing in the straight tube
for Re=0.1 as compared to the Re=20 for the constant value
of Sc = 1000. Vanka et al. (2004) have also observed similar
behavior. Fig. 7 shows the variation of unmixedness coefficient
(�) as a function of distance (L/d) along the tube for various
values of Reynolds number and Schmidt number. Because
the mixing is only attributed to diffusion and there are no
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Fig. 6. Distribution of scalar concentration in a straight tube for: (i) Re = 100 and Sc = 1 (Re Sc = 100); (ii) Re = 0.1 and Sc = 1000 (Re Sc = 100); (iii)
Re = 20 and Sc = 1000 (Re Sc = 20 000); and at (a) z = 0; (b) z = 5; (c) z = 10; (d) z = 20; (e) z = 40 and (f) z = 60.

Fig. 7. Unmixedness coefficient as a function of distance along a straight tube.

cross-stream velocities present, the mixing is dependent on the
scalar diffusivity only and it increases with decreasing Re Sc

value.

3.2. Curved tube

In straight tube the mixing is governed by a single parameter
(Re Sc), while in a helical tube the mixing is more complex
because of the secondary flow generation due to centrifugal
forces that depend on the Reynolds number and the curvature
ratio. Thus the mixing efficiency is a complex function of the
Reynolds number, Schmidt number and curvature ratio of the
tube. Therefore, the relative effectiveness of a helical tube is
quite complicated and challenging over a straight tube because
of centrifugal forces caused by curvature in the tube. Before
proceeding to study the mixing in the curved tube of circular
cross-section with finite pitch the velocity profiles at different

Dean numbers are presented as shown in Fig. 8 while Fig. 9
shows the velocity contours for coil of curvature ratio, � = 10.
It can be seen from the figures that as the Reynolds number
increases the velocity profiles shift towards the outer wall of the
curved tube. As the Reynolds number decreases the secondary
flow also decreases in magnitude, being negligible for De =
0.32. Thus the effect of secondary flow is not significant for
De = 0.32.

3.2.1. Effect of Reynolds number
Fig. 10 shows the mixing behavior in curved tube through

cross-sectional distributions of concentration after every 180◦
turn for different Reynolds numbers at given value of Schmidt
number. At the inlet, the concentration is unity (red) in the in-
ner half of the tube and zero (blue) in the outer half. Dean vor-
tices are from the inner half to the outer half and the flow is
symmetrical over the horizontal mid plane. It can be seen that
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Fig. 8. Velocity profiles at different Dean numbers at � = 10 on (a) horizontal centerline and (b) vertical centerline.

Fig. 9. Velocity fields at different Dean numbers at � = 10 on (a) De = 0.32, (b) De = 3.2, (c) De = 16.0 and (d) De = 32.0.

the effect of Dean vortices is to bend the concentration contours
and mix the two halves through advection of the concentration.
However, at Re=1.0, the Dean vortices are relatively weak and
the mixing ascribed to secondary flow is not significant. When
the Reynolds number is increased to 10, the mixing attributed
to secondary flow is much stronger. On further increasing the
value of Reynolds number to 20, the contours of concentra-
tion are much more deformed by the secondary flow, resulting

in enhanced surface area for diffusion and mixing. It can be
observed that the distribution of concentration attained after 4
turns for Re = 10 is obtained after only two turns for Re = 20.
This also confirms the strong dependence of secondary flow on
Reynolds number.

Fig. 11a summarizes the effect of Reynolds number on the
mixing efficiency of curved tubes with flow length for dif-
ferent Schmidt number. It is observed that with increasing
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Fig. 10. Distribution of the scalar concentration in the helical tube (� = 10) for Sc = 1000 after every 180◦ turn.

Re the curves for different Sc values come closer and finally
overlap each other for Re = 100 (see Fig. 11f). This can be
explained on the basis of relative magnitudes of the two mix-
ing mechanisms operating simultaneously in the system due to
the molecular diffusion and convection. As the Reynolds num-
ber increases the mixing due to secondary flow dominates over
that due to molecular diffusion and the effect of Sc negligible.
Fig. 11a shows the mixing efficiency for Re=0.1, which is pre-
dominantly due to molecular diffusion therefore as the value of
Schmidt number increases there is a significant effect on mix-
ing efficiency. Further increase in the value of Reynolds num-
ber to 1 the molecular diffusion still dominates and there is no
significant mixing. On further increasing the Reynolds number
to 5 we can observe the shift in the pattern and the effect of
Schmidt number is less pronounced for Sc values greater than
10 as shown in Fig. 11c (curves are closer). This is due to the
secondary flow dominates over molecular diffusion at higher
Reynolds number.

3.2.2. Effect of curvature ratio (�)

To study the effect of curvature ratio on the mixing char-
acteristics similar simulations were performed for a helical
coil with � = 5. Fig. 12 compares unmixedness coefficient
for the two curvature ratios. It is observed that the curves are
closer and lower for � = 5; this shows stronger mixing due to
increased secondary flow. The intensity of secondary flow de-
pends on the Dean number. For low value of Reynolds number
(Re = 0.1 and 1) there is no significant difference between the
two curves while the difference is significant for higher values
of Reynolds number (Re = 10 and 100). This may be due to
dominance of molecular diffusion mechanism at low Reynolds
number, thus curvature ratio has insignificant effect on

mixing. For higher values of Reynolds number, mixing mech-
anism due to secondary flow is dominant thus mixing is better
for � = 5.

3.2.3. Mixing in coiled tube vs. straight tube
Fig. 13 shows the ratio of unmixedness coefficient in coiled

tube (�Coil) of two different curvature ratios (i.e., �=5 and 10)
to the straight tube (�Straight) for different values of Schmidt
number varying from 1 to 1000 and constant value of Reynolds
number (Re = 10). It can be seen from the figure that, for
the same values of Re Sc the mixing in coiled tube is higher
as compared to straight tube. The mixing is reduced in the
coiled tube as the curvature ratio increases, therefore coiled
tubes of lower curvature ratio is preferable to achieve higher
mixing.

4. Conclusion

In the present work a computational fluid dynamics study
is performed in curved tubes of circular cross-section of fi-
nite pitch under laminar flow conditions to examine the scalar
mixing of two miscible fluids using scalar transport technique.
Two flow streams with inlet scalar concentrations of zero and
unity in the two halves of a tube perpendicular to the plane of
curvature was allowed to mix by convection and diffusion. It
can be concluded that mixing in curved tubes at intermediate
Reynolds number is far more efficient than a straight tube of
similar dimensions. The mixing in curved tubes is significantly
greater at higher Reynolds numbers, whereas in straight tubes,
mixing efficiency decreases as the Reynolds number increases.
In a curved tube, the increase in Reynolds number produces
increased levels of secondary flow, which produce enhanced
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Fig. 11. Unmixedness coefficient as a function of distance along the curved tube (� = 10) for: (a) Re = 0.1; (b) Re = 1; (c) Re = 5; (d) Re = 10; (e) Re = 20;
and (f) Re = 100.

mixing. In contrast, the increase in Reynolds number in a
straight channel decreases the residence time for diffusion to
take place, and thus the mixing efficiency. Thus a balance
of mixing mechanisms due to molecular diffusion and sec-
ondary flow exists in helical tubes. It was observed that at low
Reynolds numbers, i.e., of the order of 0.1, curved tube mix-
ers are not very attractive because of the low intensity of the
secondary flow, but at higher values of Reynolds number, of
the order of 10–100, curved tube present an efficient solution.

Especially in case of kenics-static mixers, there is decrease in
mixing efficiency at higher Reynolds numbers due to the for-
mation of dead zones (Muzzio and Hobbs, 1998; Muzzio and
Szalai, 2003). Therefore curved tube mixers may provide an al-
ternate solution for static mixers in the Reynolds number range
of 10 to 100. It was also observed that at low curvature ratio
(i.e., � = 5) the secondary flows are stronger and mix-
ing is higher as compared to the higher curvature ratio
(i.e., � = 10).
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Fig. 12. Comparison of mixing curves for the two curvature ratios (� = 5 and 10).

Fig. 13. Ratio of unmixedness coefficient in coiled tube (� = 5 and 10) to the straight tube (�Coil/�Straight).

Notation

a tube radius
De Dean number (=Re/

√
�)

H pitch
H ′ dimensionless pitch (=p/2�Rc)

L tube length
p pressure
Rc coil radius
Re Reynolds number (=d	�/�)

Sc Schmidt number (=�/��́)

u velocity component in the flow direction
u0 inlet velocity
xi Cartesian coordinate in i-direction [i = 1, 2 and 3]

X, Y, Z master Cartesian coordinates
z dimensionless tube length (=L/d)

Greek letters

�́ diffusion coefficient
�ij direct delta function
� unmixedness coefficient, roots mean square devia-

tion of scalar from average value
� curvature ratio (D/d)

� fluid viscosity
�
 fluid phase velocity
� fluid density
� shear stress tensor
� scalar concentration
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�avg flow weighted average of scalar concentration over
a cross-section

� axial angle

Subscript

0 inlet conditions
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