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1 Introduction

Forced anisotropic mean curvature flow is the evolution of hypersurfaces I'(t) C R?
according to the law
v=Hy+f on I'(¢). (1)

Here, v is the normal velocity of I'(¢), H., denotes the anisotropic mean curvature
with respect to a weight function v and f is a given function. For theoretical back-
ground in the context of Finsler geometry see [1]. The flow (1) plays an important
role in many applications such as in the modeling of dendritic growth [15], [12]
or in image processing [2], [14]. In order to solve such a problem analytically or
numerically, a suitable description of the hypersurface I'(t) is required. The choice
of description will depend on properties of the problem under consideration (such
as the occurance of topological changes) and popular choices are the parametric
approach, the level set method [13] and the phase field method. The level set and
phase field approaches have the advantage that they are capable of handling topo-
logical changes in the evolving hypersurfaces.

In this work we shall be concerned with a level set method for solving (1). The
PDE satisfied by the level set function is both singular and degenerate, but the exis-
tence of a unique viscosity solution is guaranteed under quite general assumptions
on the data of the problem, [11], [3]. Furthermore, the viscosity solution can be ap-
proximated locally uniformly by the (smooth) solutions of a sequence of regularised
problems. We shall employ this fact in order to construct an approximation of the
viscosity solution by discretising the regularised equation using finite elements. For
a fixed value of the regularisation parameter and the resulting semidiscrete scheme
we shall obtain optimal error estimates. The corresponding analysis involves energy
arguments for geometric quantities like the normal or the normal velocity. Even
though these quantities are nonlinear expressions of the level set function and its
derivatives, their use leads to a natural and fairly transparent convergence analysis.

The paper is organised as follows: We will first define what we mean by
weighted mean curvature flow of level sets with space dependent anisotropy and
introduce the differential equation satisfied by the level set function. We then regu-
larise the problem with the help of a suitable extension of the weight function and



discretise the resulting partial differential equation using piecewise linear finite el-
ements. The main part of this paper is devoted to the convergence proof and we
conclude with computational results.

Let us mention some results which are related to our proof. In [5] the authors
proved error estimates for the isotropic mean curvature flow of twodimensional
graphs. A generalization to the anisotropic situation is contained in [6]. The time
discretization was discussed in [10], [8] and [4]. [7] contains a proof of the fact that
the discrete solution of the regularised equation in fact approximates the viscosity
solution. This is done for the isotropic case.

2 Anisotropic mean curvature flow

Throughout this paper we shall use weight functions of the following type. Let {2
be a subset of R™. An admissable anisotropy or weight function v = ~(z,p) is a
positive function v : 2 x R® — RT, which for fixed z € (2 satisfies y(z,-) €
C3(R™ \ {0}) and (-, p) € L*>°(£2) for p € R™, which is positively homogeneous
of degree one,
v(x, Ap) = Ay(,p), forp € R, A > 0, )
and which is convex in the sense that there exists a constant cqg > 0 such that
Yop(,P)q - @ > colq|* forall p,q € R™ withp- ¢ =0, |p| =1 3)
and all z € (2. By 7yp, we denote the matrix of the second derivatives of -y with

respect to p. Analogously we use vy, and 7y,. We also assume that

sup  ([p(z, D) + [Vop (2, P)| + [Yppp (2, P)|) < 00.
e, peSn—1

We emphasize that we allow the weight functions v to depend on the space
variables. Anisotropy can be visualized using the Frank diagram F and the Wulff
shape W. In our case these sets vary with z € (2.

F(x)={peR" |y(z,p) <1}, W(z) ={peR" [y"(z,p) <1}.
Here v* is the dual of v,

V(@) = sup —1
peR™\{0} ’Y(va)

As a consequence of homogeneity and smoothness of v(z, -) we have for A > 0
and allp € R™ \ {0},

’Yp(x:p) p= r)/(x:p)a ’YPP(wap)p = 07 (4)

1
Yo (2, Ap) = Yp(, ), Ypp(z, Ap) = X%}p(l'ap), ©)

1
Yppp (T, AP) = ﬁ'Yppp (z,p)-



Fig. 1. Frank-diagram and the corresponding Wulff-shape (scaled) for a non-convex
anisotropy.

Fig. 2. Frank-diagram and the corresponding Wulff-shape (scaled) for a convex anisotropy.

We will use the following simple result about weight functions 7. A proof can
be found in [9], Proposition 1.

Lemma 1. Let v be an admissable weight function. Then there exists a constant
c1 > 0 such that for p,q € S™ ! with |p+q| > 0and x € 2

Y(z,q) — vp(x,p) - q > c1lg — p|* ©6)

Let us now return to the evolution law (1). As already mentioned in the Intro-
duction we shall be concerned with hypersurfaces which are level sets of a scalar
function v = u(x, t),

I(t) = {z € RY u(z,t) = 0}.

At points where Vu # 0, normal v and normal velocity v of I" are given by



Vu Ut

[ = " . 7
T @

Next, for a given anisotropy function v = ~y(x, p), anisotropic mean curvature
H.,, can be formally introduced as the first variation of the weighted area

/ oy (ar, v(a))dA(z).
I

In the context of the level set description of I'(t), this leads to the following expres-
sion for H.,:

d d
H,=V- 'Yp('a Vu) = Z Ypipr (s vu)“ﬂﬂjwk + Z’ijxj(', Vu). ®)
j=1

Jik=1

In conclusion, for n = d the level set function « has to satisfy the following nonlin-
ear, singular and degenerate PDE

— |Vu| V- vp(z, Vu) = f(z) |Vul )
or equivalently,
|Vu| Z Yojpw (T, VU) Uy, Z%Jz] (z,Vu) = f(z). (10)
Jyk=1

Note that for the choices y(z, p) = |p|, f = 0 we recover the well-studied level set
equation

d
Uy Ug
Uy — Z (6.]19 |v |2k> zjzk =0 (11)

Jik=1

and all level sets of u formally evolve according to (isotropic) mean curvature flow.

3 Regularisation

The nonlinear equation (9) is degenerate parabolic and not defined where Vu = 0, a
situation, which occurs for example, when the topology of I" changes. We regularise
the equation by using an extension of the anisotropy to d + 1 space dimensions. We
assume that there exists an admissable weight function 4 withn = d + 1,

7:7(:1717"'7$dap17"'7pd+1)

such that

T(wla"'awdapla"-apdao) = ’Y(wla"'axdapla"'apd)'



7 does not depend on z 41 . In the following we denote this extension again by ~y.
Rather than treating (9) we introduce for a (small) positive parameter ¢ the reg-
ularised problem

ug
=V - yp(x, Vu,—¢) = f(x (12)
Ve + [Vue|? a )= /(@)
or written explicitly,
c d
U
- i QE,V’U,E, Z, VU .
/52+|vu5|2 j;l’yp]pk( m]xk Z’Ypﬂﬂ] ) f( )

We consider this differential equation on 2 x (0,7, where 2 C R? is a bounded
smooth domain and 7" > 0 is some final time. Furthermore, we prescribe the initial
and boundary conditions

uf (z,t) = up(z), (z,t) € 2 x{0}UdN x[0,T]. (13)

In what follows we shall assume that the problem (12), (13) has a unique solution
uf, which satisfies

Jug | (2x(0,1)) + [IVU" || Lo (2% (0,1)) (14)
T T

[ Il + [ oyt < M < o
0 0

The above regularity properties will allow us to carry out an error analysis for our
finite element method to be presented in the next section.

4 Finite element method

Although the differential equation (12) is not in divergence form, we can introduce
the followoing variational form, which is consistent with the underlying law of mo-
tion (1),

, Vu® e = Yo € H ().
/ = |vu6|2<p Z/’Yp] u®, —)¢q, /Qfso p € Hy (1)

15)

This is the basis for a finite element method. For this let 7; be a family of

triangulations of {2 with maximum mesh size h := max ge7;, diam(S). We denote
by (2, the corresponding discrete domain, i.e.

o= S

SeTh



and assume that all vertices on 0(2}, also lie on 9f2. Furthermore we suppose that
the triangulation is nondegenerate in the sense that

di
max 71am(5) <K
SeETh  ps o

where the constant x > 0 is independent of h and pg denotes the radius of the
largest ball which is contained in 5.

As a discrete function space we use the space of piecewise linear finite elements
on the discrete domain {2,

X, = {vp € C°(24) | vy, is a linear polynomial on each S € T3},

and )
Xn:=XpN H&(Qh)

A function from X n, 1s always set zero outside (2},.

There exists an interpolation operator Iy, : H>(§2;,) — X, mapping H>(§2;) N
H{(92) into X}, such that

lv = Inollr2ca,) + BV (0 = I0)||L2(2,) < ch?||v]lm2(0.) (16)
forallv € H2(2y).

A spatially discrete solution of (15) is a function u§, : 2, x [0,7) — R with
uj,(+,t) € Xy, (t € [0,T)) such that

52+|Vu |280h Z/ Vp; (- Vg, —€)Pha; = /f@h (17)

for all g, € Xp,t € (0,T) and

uj (2,t) = Inug(z), (2,t) € 2, x {0} U AN, x [0,T]. (18)

5 Convergence

From now on we will use the following abbreviations for the geometric quantities
which appear in the differential equations.

— /=2 w2 v(v) = (V’U, _5) — (V’U, _5)
Q(U) - es + |V | ’ ( ) \/m Q(’U) )
V) = — Ut __ U

Ve?2+ |Vol? Qv)




Theorem 5.1 Suppose that u® is the a solution of (12), (13) with finite norms (14)
and let u§, be the solution of (17), (18). Then

// mf%+m/w ) v(us)2Q(u5) < e(e)h?

The constant c(e) depends on the solution u® of (12), (13) through the norms occur-
ingin (14).

Proof. We prove the result for the case of a convex domain 2. The general case

only adds technical difficulties which can be treated with standard methods from
numerical analysis (see e. g. [4]). We may therefore assume from now on that 2 C
0.

Because of (4) the difference between smooth (15) with ¢ = ¢, and discrete
(17) variational equation implies

—Lym> uh%+2/ (o (2 (15)) = 4y (- 2(65))) P, = 0

for every py, € X r. Since the boundary values are independent of time, we may use
on = Tnug —up = (ug — up,) — (ug — Inug)

as a test function and get

jL(VWﬂ—Vwmﬂﬁ—uw (19)

d
+Z/(m@%ﬂ%%&%%W@%—%y

+Z/ (s (s (%)) = Y, (s (15))) (1, — (I, )-

Let us estimate the terms in this equation separately. We begin with the two main
estimates for the terms on the left hand side of (19). Firstly,



oy [ ) = IV ) = Vi)

>3

2 e 1 £112 c N2 -
> Z/Qh(v(us) = V(i) Qi) = S l1uill7=(o) /Q () — v(us) Q).

Here we have used Young’s inequality and the fact that

Q(u”) = Q(uj)| < %IV(UE) — v(up)|Q(u”)Q(up)- @n

The main term on the left hand side of (19) is the one which contains the anisotropy.
Observing that the (d + 1)—st component of the vector

v(u)Q(u?) — v(uj)Q(uj)

equals zero we conclude
d
S [ G o)) = o)) D, =) @)
:/Q (1 (5 v(w) = % v(uh)) - O (v(w)Q(u?) — v(uf)Q(uy))

T /g (v (5 v () =% (v (up)) - {v(uf) 06 Q(ug,) + O (v(uy,))Q(uj,)
—0y(v(u"))Q(u7) — v(u”) 5 Q(u")}

=h+L+13+ 1. (23)
We use the homogeneity properties (4) of «y. For the terms 14, . . ., 1, this gives
I = —/Q (v (5 v (W®)) = (-, v(ug))) - v(up)0rQ(uf) (24)
h

- /Q (Vs w(1) = o 0(0°)) - (1)) Q)



For the second integral we have

I = —/ (vp (5 v(u?)) = (5 vlug))) - O (v(up)) Q(up) (25)
2n

and I, can be written as

L= /Q (s (0)) = 7y, (1)) () B Qo) (26)

=/ Y (1)) 0 Q(u) —/ Yo v(ug)) - v(u®)0,Q(us).
25

2y

We add (24), (25), (26) and I3,

I3 = /Q (rp (5 v(u®)) = 9 (5 v(ug))) O (u) Q(uf), 7)
and arrive at the following expression for (22):
d
S [ v ) =, () B, = ) (28)
j=1"9n
d

= G | ) = ) vl Qi)

+/ (v(v(w?)) =7 (,v(ug)) - v(w?)) 0:Q(u”)
n

n
-/, {w(v(wg) = [ (v () + vpp( v(w®)) (v(ug) — v(w®))]}
Opr(u®) Q(u)
+/ Yo (v (u7)) (w(uf) — v(u?)) - O (u”)(Q(uf) — Q(u)).
2n

Two terms in the above formula contain Taylor expansions of the anisotropy func-
tion y with respect to the p—variable. If we let v, = sv(u®) + (1 — s)v(uf),



vy = sv(uj) + (1 — s)v(u®) and observe that v,, U # 0 for all s € [0,1] we
can continue

== (7( v(ug)) = (v (u?)) - v(ug)) Qup)

/Q/ (1= ) 2) (007 = v(u})) - (V(07) = v (f))DHQ ()
i1

>, [0 DB 0) — ) - () — )0 Q)

+/ Yop (v (u?)) (v(uf) — v(u?)) - Opv(u”)(Q(uf) — Q(u)).
2n

In order to estimate the second and the third integral we require a lower bound on
|vs| and |74 | respectively. To this purpose we calculate for s € [0, 1]

Vu - Vus, + e?

Q)

Vu®  Vuy 1 |Vue|
265 26 2120+ gaey)

Since (14) implies that |[Vu®| < M we obtain

lvs|* =" + (1= 5)> +2s(1 — s)

>1-2s(1—s)(1—

1
|%P21—§U+

M
82 + M2
so that (5) yields

v 1
1Yop (5 V)| = [7pp (-5 |_s)|_ <ecle,M) sup |ypp(z,p)]
vs| " ] ref,pesd

uniformly in s € [0, 1]. Thus, we can estimate
/Q / oy () V(%) — w(5)) - (v() — v(5)) B Q (u7)
< /Q h / (1= ) (v [9(0°) — () 2|V |
< ele, M)Vl | = (o) / () — v () FQu).

n

If we apply a similar argument to the third integral above and also use the simple
inequality |Q(u®)0w(u)| < ¢|Vui| we finally obtain from (28)



d
3 /Q (s (o (0)) =, (o 0()) Belss, — ) (29)

> = o, (v (v (ug) = (s v(u?)) - v(ug)) Qug)

e Ml [ o) = vl ) FQU).
h
Let us now estimate the right hand side of (19).

- /Q V() — V() (5 — Ty (30)

]. 2 £ % I3 €
<2 ( / (V) - V) Q(uh)> s — Tt 2y

and with (16)
< il (0700 V0 Q)
1
<3 [ V) - VR Qi) + S o
25

For the second term on the right hand side of (19) we have

d
Z/Q (Yo, (5 v (W) = 7p; (v () Oe(ug; — (Tnw))s,) GD

5k

c
<c/ () = (i) Qi) + -k |luf [l o)-
h

=

< RCGE ARE)

We collect the estimates (20), (29), (30), (31) and get
d € £ £ £
5 [ Qeri) = ) - v(e) Q)
n

< cle M) IVl + i men) [ Iot®) = wluid Q)

&
+gh4||ui||%12(o)-



We integrate with respect to time and use Lemma 1 to estimate

VCv () = () - v(ug) > alv(w?) —v(ug)P.

We thus finally arrive at the estimate

/ / V(W) — V(u))” Q(uf) dt + / () — v PQE)  (33)
0 2

25

t
<cled) [ (Wil + il [ o0f) = swi) Q) dr
h

t
C C
+gh4/ g 72y dt + gh2||uo||%12(9)-
0

A Gronwall argument completes the proof of Theorem 5.1.

6 Computational results

For the implementation we use a semi-implicit time discretisation as it was stud-
ied in [6]. It is such that in every time step a linear system of equations has to be
solved numerically, which is done with a conjugate gradient method. A was chosen
in accordance with the stability condition discussed in [4].

Algorithm 6.1 Ser 1" = Iyug. For given u}™ € Xy, compute ui ™" € X,
such that uz(m+1) — Ty € Xp, and

d
1/ 1 e(m+1) e(m) / e(m)
— | ——(u —up " )en + Vo (5 v(uy ) Phas
T o Q(’U,Z(m))( h h ) 1:21 o p h
=(m)
SV U e(m e(m
)\/ 77( (8(’;1) ) V(uh( +1) —uh( )) -V =0
@ Quy )

for all ¢y, € )ofh.

We computed the solution of (9) on 2 = (0,1) x (0,1) with the right hand side
f =1 and initial and boundary data uo(z1,x2) = sin (14z; — 7zo + 0.25) and the
anisotropy

_ Izl

3
v(z,p) = 3 > /Ol + 02 + (1 - %) Ipl, (34)
j=1

with § = 108, In Figure 3 we show the Frank diagrams for this weight function at
the points x = (%, %) ,1,7 = 0,1, 2. The anisotropy function is such that it is nearly
not admissable near some parts of 2. This is why corrugated level sets appear
there. In Figure 4 we show the zero level set of the solution.






Fig. 5. The detection of an object by anisotropic mean curvature flow with weight function
(35) in detail. Zero level sets from right to left with increasing time.



In Figure 5 we show some time steps of the evolution of an initial circle under
ansiotropic mean curvature flow with the weight function

v(z,p) = (xo\o(@) + 0.01x0(2)) || 35)

with @ = [0,0.5] x [0, 0.5] and the unit disk as domain {2. We have thus chosen a
weight function which is discontinuous with respect to the variable z.
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