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Abstra
tWe use the support operators method to derive dis
rete approxima-tions for the gradient of a ve
tor and divergen
e of a tensor on unstru
-tured grids in two dimensions. These dis
rete operators satisfy dis
reteanalogs of the integral identities of the di�erential operators on unstru
-tured grids where ve
tor fun
tions are de�ned at the grid points, andtensor fun
tions are de�ned as tangential proje
tions to the zone edges,or as normal proje
tions to the median mesh. We evaluate the a

ura
yof the dis
rete operators by determining the order of 
onvergen
e of thetrun
ation error on stru
tured and unstru
tured grids, and show that thetrun
ation error of the method is between �rst and se
ond order dependingon the smoothness of the grid. In a test problem on a highly nonuniformgrid, we 
on�rm that the 
onvergen
e rate is between �rst and se
ondorder.

1 Introdu
tionIn this paper we des
ribe new �nite di�eren
e operators for the gradient of ave
tor and divergen
e of a tensor on general grids. The dis
rete operators arederived using the support operator method to mimi
 
ru
ial properties of thedi�erential operators.Many problems of pra
ti
al interest involve partial di�erential equations(PDE's) formulated in terms of invariant, �rst-order di�erential operators su
has gradient and divergen
e. These operators satisfy 
ertain integral identities,whi
h are often related to the system of PDE's being solved. The mimeti
 �nitedi�eren
e methods [1, 2, 3℄ use integral identities to 
onstru
t dis
rete operatorsthat satisfy dis
rete approximations of these integral identities.To derive these mimeti
 �nite di�eren
e methods (FDM's) that satisfy dis-
rete approximations of these integral identities, we begin by de�ning a dis
reteapproximation to a �rst-order operator su
h as divergen
e or gradient. Thisinitial operator, known as the prime operator, then supports the derivation of
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other dis
rete operators. For example if the prime operator is 
hosen as the di-vergen
e, then the gradient is a derived operator, and is de�ned as the negativeadjoint of the divergen
e. The integral identity relating gradient and divergen
eis I�V v � (T � n)dS = ZV rv : TdV + ZV v � (r �T)dV (1)where T is any tensor, v is any ve
tor, n is the normal ve
tor to surfa
e S, andthe operator : denotes the s
alar produ
t of two tensors. In the derivation adis
rete version of the identity is used.The previous papers on mimeti
 FDM's [1, 2, 3℄ have derived expressionsthat use, or result in, a ve
tor. These in
lude the gradient of a s
alar andthe divergen
e of a ve
tor. In this paper we derive expressions that use, orresult in, a se
ond-order tensor. These are the gradient of a ve
tor and thedivergen
e of a tensor. Also the previous papers formulate the operators for alogi
ally re
tangular grid. Here we do not assume a logi
ally re
tangular grid,but formulate the operators so that they 
an be used on unstru
tured grids withzones of an arbitrary number of sides.We �rst derive 
ontinuous expressions for the gradient and divergen
e in ageneral 
urvilinear 
oordinate system. These expressions are then used to guideus in deriving two sets of dis
rete operators, depending on if the divergen
eor gradient is the prime operator. In both 
ases ve
tor fun
tions are de�nedat grid points. When the gradient is the prime operator, then the tensors arede�ned as tangential proje
tions to the zone edges. When the divergen
e is theprime operator, then the tensors are de�ned as normal proje
tions to the medianmesh. Then we use numeri
al experiments to evaluate the trun
ation error ofthe dis
rete operators, and 
al
ulate the 
onvergen
e rate of the solution for atest problem. Both tests are done for stru
tured and unstru
tured grids.
2 Gradient of a ve
tor and divergen
e of a ten-sor in a general 
oordinate systemIn this se
tion we derive 
ontinuous expressions for the gradient of a ve
tor anddivergen
e of a tensor using a general two dimensional 
urvilinear 
oordinatesystem. These expressions for the 
ontinuous 
ase will guide us in deriving thedis
rete expressions.We use two 
oordinate systems; the standard re
tangular Cartesian 
oordi-nate system, (x; y), and a general 
urvilinear system, (�; �). In the 
urvilinear
oordinate system, shown in Fig. 1, we de�ne the base ve
tors t� and t� tan-gential to the 
oordinate lines, and ve
tors n� and n� normal to the 
oordinatelines. The Cartesian 
omponents of the basis ve
tors are

t� =
0BBB�
�x���y��
1CCCA ; t� =

0BBB�
�x���y��
1CCCA : (2)
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Fig. 1: The base ve
tors of the Cartesian (x; y) and general (�; �) 
oordinatesystems. The angle � is de�ned between the ve
tors t� and t� tangent to the
oordinate lines. The ve
tors n� and n� are normal to t� and t�.

n� = 0BBB�
�y����x��
1CCCA ; n� = 0BBB��

�y���x��
1CCCA : (3)

The 
omponents of the metri
 tensor relative to the general 
oordinate systemare g�� = t� � t� ; g�� = t� � t� ; g�� = g�� = t� � t� : (4)and its determinant is jgj = g��g�� � g��g��.Tensor G is de�ned as the gradient of ve
tor v,G = rv (5)whi
h in tensor index notation is Gij = �vi�xj (6)where x1 = x, x2 = y and v = [v1; v2℄ = [vx; vy℄.2.1 Tangential proje
tionsIn the general 
oordinate system the gradient tensor G, or any se
ond ordertensor T, 
an be represented by two 
olumn ve
tors whi
h are proje
tions tothe two tangential basis ve
tors. These ve
tors are G�, G�, T� and T�. Ea
hve
tor is the dot produ
t of the tensor with a unit base ve
tor;G� = G � t̂� ; G� = G � t̂� and T� = T � t̂� ; T� = T � t̂� (7)
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where the hat signi�es a unit ve
tor. The Cartesian 
omponents of these ve
tors
an be written in terms of the derivatives of ve
tor v with respe
t to � and �
G� = 1pg��

0BBB�
�vx���vy��

1CCCA = 0�G�xG�y
1A ; G� = 1pg��

0BBB�
�vx���vy��

1CCCA = 0�G�xG�y
1A : (8)

When using the tangential proje
tions to represent the tensors, it is most
onvenient in the dis
rete 
ase to de�ne the gradient and then derive the diver-gen
e. The divergen
e 
an be expressed in terms of tangential proje
tions of atensor using the integral identityZV rv : TdV = I�V v � (T � n)dS � ZV v � (r �T)dV: (9)To use this identity to derive the divergen
e requires an expression for thes
alar produ
t,G : T, in terms of the tangential proje
tions. The s
alar produ
tis de�ned in terms of the Cartesian 
omponents of the two tensors, so we startby de�ning the Cartesian 
omponents of G in terms of G� and G�. Theseformulae are valid for any tensor, and are found by solving the set of equationsrepresented by equation (7)Gxx = �y��G�xrg��jgj � �y��G�xrg��jgjGxy = �x��G�xrg��jgj � �x��G�xrg��jgj (10)Gyx = �y��G�yrg��jgj � �y��G�yrg��jgjGyy = �x��G�yrg��jgj � �x��G�yrg��jgj :An expression for the tensor s
alar produ
t is then found by substitutingthese expressions into the de�nition of the s
alar produ
t, and 
olle
ting termsG : T = GxxTxx +GxyTxy +GyxTyx +GyyTyy= G� � �T� g��g��jgj �T� g��jgj pg��g���+G� � �T� g��g��jgj �T� g��jgj pg��g��� : (11)Rearranging and noting thatg��g��jgj = 1sin2 � ; g��pg��g�� = 
os � (12)
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allows the s
alar produ
t to be written only in terms of the tangential proje
tionsand the angle � between t� and t� (see Fig 1);G : T = 1sin2 ��G� �T� +G� �T� � 
os �(G� �T� +G� �T�)�: (13)Comparing (13) to the expression for the ve
tor dot produ
t in [2℄ shows thatthe two expressions are equivalent ex
ept that now the � and � terms are ve
torsinstead of s
alars.In deriving an expression for the divergen
e using the identity in (9) weassume, for simpli
ity, that the surfa
e integral is zero and use equation (13) forrv : T. We then repla
e the G� and G� terms with the derivatives of ve
tor vusing (8) to giveZZ rv : Tpjgjd�d� = ZZ  �v�� � "T� � 
os �T�pg�� sin2 � #+�v�� � "T� � 
os �T�pg�� sin2 � #!pjgjd�d� : (14)Integrating this expression by parts gives two terms that are equivalent to theright hand side of equation (9). Setting the terms representing the surfa
eintegral equal to zero leavesZZ v � (r �T)pjgjd�d� = ZZ  v � ��� "s jgjg�� T� � 
os �T�sin2 � #+
v � ��� "s jgjg�� T� � 
os �T�sin2 � #!d�d� :(15)As this expression is true for any ve
tor v, as we shrink the volume to zero we
an de�ne the divergen
e asr �T = 1pjgj( ��� "s jgjg�� T� � 
os �T�sin2 � #+��� "s jgjg�� T� � 
os �T�sin2 � #): (16)This de�nition 
an also be derived dire
tly from the expression for the di-vergen
e in terms of Txx, Tyy, Txy and Tyx. However from a methodologi
alpoint of view it is useful to derive it using the integral identity.2.2 Normal proje
tionsTensors 
an also be expressed as the dot produ
t of the tensor with the unitve
tors normal to the 
oordinate axes (Fig 1);G� = G � n̂� ; G� = G � n̂� and T� = T � n̂� ; T� = T � n̂�: (17)5



Note that we are using the supers
ript notation for the tensors expressed interms of the ve
tors normal to the 
oordinate axis to distinguish them fromtensors expressed in terms of tangential proje
tions.These equations 
an be solved to obtainGxx = �x��G�xrg��jgj + �x��G�xrg��jgjGxy = �y��G�xrg��jgj + �y��G�xrg��jgj (18)Gyx = �x��G�yrg��jgj + �x��G�yrg��jgjGyy = �y��G�yrg��jgj + �y��G�yrg��jgj :Following the same method used for the tangential proje
tions gives an ex-pression for the s
alar produ
tG : T = 1sin2 ��G� �T� +G� �T� + 
os �(G� �T� +G� �T�)�: (19)When using normal proje
tions it is most 
onvenient to start with the di-vergen
e and then derive the gradient. The divergen
e in terms of the normalproje
tions is derived by substituting (18) into the the de�nition of divergen
ein Cartesian 
omponents. This givesr �T = 1pjgj � ��� �T�pg���+ ��� �T�pg���� : (20)We derive the gradient by substituting (20) into the integral identity (9) andeliminating the terms representing the zero surfa
e integral to giverv : T = 1pjgj ��v��T�pg�� + �v��T�pg��� : (21)Equating (21) with (19) allows the gradient to be written in terms of G� andG� �v�� = s jgjg�� G� + 
os �G�sin2 � (22)
�v�� = s jgjg�� G� + 
os �G�sin2 � :Solving these equations for G� and G� in terms of the dire
tional derivativesof the velo
ity results in de�nitions of the gradient ve
tors asG� = 1pjgj ��v��pg�� � �v��pg�� 
os �� (23)G� = 1pjgj ��v��pg�� � �v��pg�� 
os �� :
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szp
szp+1
V zp

pp� 1 �zp
�zpz
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p� 2 ep+ 12

ep� 12
Fig. 2: Diagram of a 
omputational zone within an unstru
tured staggered grid,showing zone z and point p. The solid lines de�ne the grid, and the dashedlines show the median mesh. The median mesh is formed by 
onne
ting thezone 
enters, �, to the mid-side points, �. The shaded area shows a subzonal
orner volume. The e ve
tors are tangential to the zone edges, and the s ve
torsare normal to the median mesh. The notation shown is relative to the sele
tedpoint p.
3 Dis
rete OperatorsThis se
tion des
ribes the derivation of dis
rete expressions for the gradient ofa ve
tor and divergen
e of a tensor on a grid. In the support operator method adis
rete approximation for a di�erential operator, su
h as divergen
e or gradient,is 
hosen. This initial or prime operator then supports the derivation of othermimeti
 dis
rete operators.3.1 GridWe 
onstru
t the dis
rete fun
tions on a spatially staggered grid. Figure 2shows a 
omputational zone of a unstru
tured staggered grid. The medianmesh is 
onstru
ted by 
onne
ting the zone 
enters with the mid-side points.The interse
tion of the median mesh with the grid lines gives subzonal 
ornervolumes, one is shown as the shaded area. We denote the volume of the 
orneras V zp , where the indi
es denote the zone and point with whi
h it is asso
iated.We de�ne V zp = V pz and follow the 
onvention of always summing with respe
tto the lower index. The 
orner volume 
an then be used to de�ne both a zone
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volume and a point volume.Vz = Xp2S(z)V zp ; Vp = Xz2S(p)V pz ; (24)where the sums are over the sten
il asso
iated with the zone or point. Thesten
il for a zone is ea
h point that is a vertex of the zone. For a point thesten
il is every adja
ent zone. The same super and subs
ript notation is usedfor any value that is asso
iated with both a point and a zone.Figure 2 also shows the notation used for the dis
rete operators. The no-tation is all relative to point p, whi
h is a vertex of zone z. The unit ve
torêp+ 12 is de�ned at the 
enter of edge p+ 12 , whi
h 
onne
ts points p and p+ 1;lp+ 12 is the length of this edge. The arrows on the edges de�ne the positivedire
tion of e when 
onsidering zone z. The s ve
tors are normal to the medianmesh, and have length equal to the segment of median mesh with whi
h theyare asso
iated. The angle �zp is between the two edges of zone z that meet atpoint p. The angle �zp is between the two segments of median mesh whi
h de�nethe 
orner volume V zp .We will derive dis
rete operators for the 
ase when ve
tor fun
tions arede�ned at the grid points. The tensor fun
tions are de�ned at di�erent gridlo
ations, depending on the 
hoi
e of prime operator. We will use the gradientas prime operator when the tensor fun
tions are represented as tangential pro-je
tions to the zone edges. We use the divergen
e as the prime operator whenthe tensor fun
tions are represented as normal proje
tions to the median mesh.In the derivation of these operators we do not assume a stru
tured grid, sothe resulting expressions are equally appli
able to stru
tured and unstru
turedgrids.3.2 Tensor fun
tions de�ned as tangential proje
tions tothe zone edges3.2.1 The prime operatorWhen the tensors are de�ned as the tangential proje
tions to the zone edgesthen we 
hoose the dis
rete ve
tor gradient, GRAD, as the prime operator.For a dire
tion l, given by unit ve
tor l̂, the dire
tional derivative of ve
tor�eld v is: �v�l = l̂ � rv : (25)This leads to the se
ond-order approximation of the proje
tions of tensor G =GRAD v as Gep+ 12 = Gp+ 12 � êp+ 12 = vp+1 � vplp+ 12 ; (26)where ê is the unit ve
tor along the zone edge, as shown in Fig. 2. The agreementbetween equations (26) and (8) is 
lear when we re
all the identitiesdl� = pg��d� ; dl� = pg��d� (27)where dl� and dl� are the elements of ar
s of 
oordinate 
urves.8



3.2.2 The derived operatorWe now use the prime operator to derive the dis
rete divergen
e, DIV, as thenegative adjoint of GRAD.The �rst step is to derive a dis
rete form of equation (13), the tensor s
alarprodu
t. We approximate this 
ontinuous equation by(G : T)z = Xp2S(z) W zpsin2 �zp nGep� 12 �Tep� 12 +Gep+ 12 �Tep+ 12 (28)
+ 
os �zp hGep� 12 �Tep+ 12 +Gep+ 12 �Tep� 12 iowhi
h gives the s
alar produ
t evaluated in zone z, shown in Fig. 2. In thisexpression the sign of the 
osine has 
hanged, this is due to the sign 
onventionadopted. The weights W zp satisfy the 
onsisten
y 
onditionsW zp � 0 ; Xp2S(z)W zp = 1: (29)

We de�ne W zp as one half the area of the triangle in zone z whi
h 
ontains theangle at point p, divided by the sum of all su
h area in the zone. This divisionensures that the weights satisfy the se
ond 
ondition and results in a �rst orderapproximation of the operator [4℄,W zp = 14 lp+ 12 lp� 12 j sin �zpjPp2S(z) 14 lp+ 12 lp� 12 j sin �zpj : (30)To derive DIV from (28) and (26) we use the dis
rete form of the integralidentity (9) and, for simpli
ity, assume that the surfa
e integral is zero. Thisgives us Xz (G : T)zVz = �Xp (v �DIV T)pVp: (31)Substituting (28) into (31), and substituting for Ge using (26) gives an expres-sion whi
h 
ontains the velo
ity ve
tor at three points: vp+1, vp and vp�1.Rewriting the expression by 
olle
ting all the v terms at point p gives
�Xp (v �DIV T)pVp = Xz Xp2S(z)vp � (32)W zpsin2 �zp (Tep� 12lp� 12 � Tep+ 12lp+ 12 + 
os �zp "Tep+ 12lp� 12 � Tep� 12lp+ 12 #)+ W zp�1sin2 �zp�1 (Tep� 12lp� 12 + 
os �zp�1Tep� 32lp� 12 )� W zp+1sin2 �zp+1 (Tep+ 12lp+ 12 + 
os �zp+1Tep+ 32lp+ 12 )!Vz:9



The expression for DIV T at the grid point p 
an now be written as
(DIV T)p = 1Vp Xz2S(p)Vz " 1lp+ 12 � W p+1zsin2 �p+1z �Tep+ 12 + 
os �p+1z Tep+ 32�� (33)

+ 1lp+ 12 � W pzsin2 �pz �Tep+ 12 + 
os �pzTep� 12��� 1lp� 12 � W pzsin2 �pz �Tep� 12 + 
os �pzTep+ 12��� 1lp� 12 � W p�1zsin2 �p�1z �Tep� 12 + 
os �p�1z Tep� 32��#:3.3 Tensor fun
tions de�ned as normal proje
tions to themedian meshNow we derive expressions where the tensors are de�ned as normal proje
tionsto the median mesh, Tzp = T � ŝzp (34)where ŝzp is the unit normal ve
tor to the median mesh, as shown in Fig. 2.3.3.1 The prime operatorIn this 
ase, we 
hoose the prime operator to be the divergen
e of a tensor T
al
ulated at the grid points. The divergen
e is approximated as the surfa
eintegral around the median mesh surrounding a point of the normal 
omponentof the tensor. (DIV T)p = 1Vp Xz2S(p) �Tzp+1jsjzp+1 �Tzpjsjzp� (35)
where jsj means the length of ve
tor s.3.3.2 The derived operatorWe now use the prime operator to derive the dis
rete gradient, GRAD, as thenegative adjoint of DIV. The s
alar produ
t (v;DIV T)p in (31) is de�nedusing (35), and is used to derive an expression for the s
alar produ
t of thegradient tensor G with tensor T in a zone as(G : T)z = 1Vz Xp2S(z)Tzp � (vpjsjzp � vp�1jsjzp): (36)

To de�ne the ve
tor proje
tions of the gradient tensor we de�ne the expres-sion for the s
alar produ
t of two tensors in a zone, using a dis
rete approxima-
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tion of equation (19),(G : T)z = Xp2S(z) W zpsin2 �zp �Gzp+1 �Tzp+1 +Gzp �Tzp (37)� 
os�zp �Gzp+1 �Tzp +Gzp �Tzp+1�	 :Here the weights W zp are twi
e the area of the triangle in zone z formed by thetwo se
tions of the median mesh that de�ne the 
orner volume, normalized bythe sum of all su
h volumes in zone zEquation (37) is rearranged to give
(G : T)z = Xp2S(z)Tzp�  W zpsin2 �zp (Gzp � 
os�zpGzp+1) (38)

+ W zp�1sin2 �zp�1 (Gzp � 
os�zp�1Gzp�1)! :
Equating (36) with (38) 
an
els the Tpz terms, leavingXp2S(z) jsjzpVz (vp � vp�1) = Xp2S(z)"Gzp W zpsin2 �zp + W zp�1sin2 �zp�1! (39)

�Gzp+1 W zp 
os�zpsin2 �zp !�Gzp�1 W zp�1 
os�zp�1sin2 �zp�1 !# :This expression allows us to solve for the G terms within a zone by setting upa system of n equations with n unknowns, where n is the number of sides of thezone. The x and y 
omponents of the ve
tors are solved for separately. Notethat the main n � n matrix is the same in both 
ases. This main matrix issymmetri
 positive de�nite, so there are 
omputationally fast te
hniques, su
has Cholesky de
omposition, that be used to solve the system.3.4 Ve
tor Lapla
ianIn both the tangential and normal proje
tion 
ases the individual divergen
eand gradient operators 
an be 
ombined to give a ve
tor Lapla
ian operatorthat is a dis
rete approximation tor2v = r � (rv): (40)As the dis
rete divergen
e is the negative adjoint of the dis
rete gradient, thedis
rete approximation of (40) is guaranteed to be self adjoint and nonnegativede�nite on arbitrary grids.Figure 3 shows the sten
ils for the Lapla
ian on meshes formed from squares,equilateral triangles and regular hexagons. For the meshes formed from squaresand triangles both versions redu
e to the standard se
ond-order sten
ils. On11
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Fig. 3: The dots represent the sten
il for the ve
tor Lapla
ian. The 
oeÆ
ientsde�ne the FDM on regular grids, where l is the edge length: (a) On a square gridboth approa
hes give the standard se
ond order �ve point FDM. (b) On gridof equilateral triangles both approa
hed give the standard se
ond order FDM.(
) Tangential proje
tion operator on a grid of regular hexagons. (d) Normalproje
tion operator on a grid of regular hexagons.
the square grid the four points with a 
oeÆ
ient of 0 are points where the
oeÆ
ient 
ontains a 
os � term. These points only 
ontribute to the dis
reteLapla
ian when the grid is not orthogonal. For the hexagonal grid the di�erentprime operators give di�erent sten
ils for the Lapla
ian. The Lapla
ian operatorformed from the tangential proje
tion divergen
e and gradient has a sten
ilin
luding only neighbor and neighbor of neighbor points, so not every vertex ofthe adja
ent zones is in
luded. The operator formed from the normal proje
tiondivergen
e and gradient in
ludes all verti
es of the adja
ent zones.
4 Numeri
al testsIn the �rst set of numeri
al experiments we evaluate the 
onvergen
e rate ofthe trun
ation error for the individual gradient and divergen
e operators onstru
tured and unstru
tured grids. We then 
he
k the 
onvergen
e rate of thesolution to Poisson's equation with Diri
hlet boundary 
onditions.
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al tests.
The numeri
al experiments were performed for six progressively re�ned grids.Figure 4 shows the six grids at their 
oarsest state where the logi
ally re
tan-gular grids have 20�20 zones. The smooth grids are generated from the regulargrids by applying the transformationx0 = x+ 0:1 sin(2�x) sin(2�y) ; y0 = y + 0:1 sin(2�x) sin(2�y) (41)where x and y are the original point 
oordinates, x0 and y0 are the transformed
oordinates.As the operators are formulated for arbitrary unstru
tured grids, the same
omputer 
ode 
an be used for all six grids without modi�
ation.4.1 Trun
ation errorTo 
al
ulate the trun
ation error between the exa
t solution and the numeri
alapproximation for a ve
tor, we 
al
ulate the error at the grid points. For atensor we 
al
ulate the error in its proje
tion to either the zone edge or medianmesh.The trun
ation error is measured the ve
tor and tensor fun
tions that are
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either linear or quadrati
 polynomials of x and y;Linear fun
tion :v = [x; y℄ rv = � 1 00 1 �T = � x 00 y � r �T = [1; 1℄Quadrati
 fun
tion :v = [x2 + xy + y2; x2 + xy + y2℄ rv = � 2x+ y x+ 2y2x+ y x+ 2y �T = � x2 + xy + y2 x2 + xy + y2x2 + xy + y2 x2 + xy + y2 � r �T = [3x+ 3y; 3x+ 3y℄The ve
tor v is 
al
ulated at the grid points. For tensor T the 
oordinates of thezone or median mesh edges have to be de�ned. For T de�ned as a tangentialproje
tion to the zone edge, the tensor is evaluated at the mid-point of ea
hedge, the 
oordinates of the mid-point are the average of the 
oordinates ofthe two end points of the edge. For T de�ned as normal proje
tions to themedian mesh, the 
oordinates of the mid-point of the asso
iated edge is used toevaluate the tensor. The same lo
ations on the grid are used when evaluatingthe divergen
e and gradient operators.To estimate the trun
ation error we represent the error Eh byjjEhjj = Chq +O(hq+1) (42)where h is the average edge length for the grid, q is the order of the trun
ationerror, and C is the 
onvergen
e-rate 
onstant. To estimate q we evaluated theerror on a sequen
e of grids. Using the error estimate on two grids, h and h0,the order of the trun
ation error 
an be estimated.
q � log10 jjEhjjjjEh0 jjlog10 hh0 (43)In our numeri
al experiments we used the dis
rete L2 norm.The two divergen
e operators produ
e a ve
tor de�ned at the grid points.The L2 norm used to measure this trun
ation error is

jjEL2 jj = "Xp (ep; ep)Vp# 12 ; (44)
where ep = (DIV T)p � (r � T)p. (DIV T)p is the result from the dis
reteoperator, (r�T)p is the exa
t solution evaluated at point p, and Vp is the volumeof the point.
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For the two gradient operators, where the result is a tensor held as edge ormedian mesh proje
tions, the norm we use is
jjEL2 jj = "Xz (Ez;Ez)Vz# 12 : (45)

To evaluate the tensor s
alar produ
t in a zone equation (28) or (37) is used asappropriate. The edge proje
tions of error tensor E areEep+ 12 = Gep+ 12 � (rv)ep+ 12 � êep+ 12 ; (46)and the median mesh proje
tions areEzp = Gzp � (rv)zp � ŝzp: (47)The exa
t solution is evaluated using the 
oordinate of the 
enter point of thezone edge or median mesh segment. In our numeri
al experiments, we ignorethe errors at the points and zones on the boundary.Table 1 shows values of q for GRAD v, 
al
ulated as normal proje
tions tothe median mesh. The table does not 
ontain results for the 
ombinations ofgrid and fun
tion where the trun
ation error is zero. The results show that theoperator has approximately �rst-order 
onvergen
e on all grids where trun
ationerror is present.Table 2 shows values of q for DIV T, when T is de�ned as the tangentialproje
tions on the zone edges. Again only results for the 
ombinations wheretrun
ation error was present are shown. The table shows that for the trans-formed grids with the triangular and quadrilateral zones the operator has ap-proximately se
ond-order 
onvergen
e, while for the grids with hexagonal zonesit only has �rst-order 
onvergen
e. Also the error norm is larger for the hexago-nal grids. The quadrilateral grid is logi
ally re
tangular, and the triangular grid
an be 
onstru
ted by taking a logi
ally re
tangular grid and splitting ea
h zonein half. Thus, although both triangular and quadrilateral grids are stru
tured,the hexagonal grid is not. This di�eren
e may be the underlying 
ause for theredu
ed order of 
onvergen
e.The trun
ation errors for the prime operator DIV T shown in table 3 arefor T de�ned as the normal proje
tion of the tensor to the median mesh. Asfor the derived divergen
e it shows se
ond-order 
onvergen
e for the grids withquadrilateral and triangular zones, and �rst-order for the grid with hexagonalzones. The errors are smaller than for the derived divergen
e. The results showthat the 
onvergen
e rate for the smooth hex mesh is higher than for the regularhex mesh, however both sets are going to �rst order, and the magnitude of theerror on the smooth mesh is larger.The prime operator, GRAD v 
al
ulated as the tangential proje
tion tothe zone edges, gave results exa
t to round-o� error for all twelve 
ombinationsof grids and fun
tions in this test.
15



Grid Fun
tion h L2 norm qL2Smooth Quadrati
 0.05126 0.01223 0.77Tri 0.02566 0.00719 0.900.01284 0.00385 0.950.00642 0.00198 0.980.00321 0.00101 -Smooth Linear 0.05291 0.04036 0.83Quad 0.02643 0.02268 0.920.01321 0.01197 0.960.00660 0.00614 0.980.00330 0.00311 -Smooth Quadrati
 0.05291 0.12662 0.80Quad 0.02643 0.07274 0.910.01321 0.03880 0.950.00660 0.02001 0.980.00330 0.01016 -Regular Quadrati
 0.04811 0.00884 0.88Hex 0.02406 0.00481 0.980.01203 0.00243 0.980.00601 0.00123 0.980.00301 0.00062 -Smooth Linear 0.04968 0.01413 0.76Hex 0.02512 0.00842 0.980.01262 0.00428 0.960.00633 0.00220 0.990.00317 0.00111 -Smooth Quadrati
 0.04968 0.04207 0.76Hex 0.02512 0.02498 0.960.01262 0.01294 0.970.00633 0.00661 0.980.00317 0.00334 -Table 1: Trun
ation error for the derived operator GRAD v, de�ned byEqn. (39). The error is for the normal proje
tion of the tensor to the medianmesh.
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Grid Fun
tion h L2 norm qL2Smooth Linear 0.05126 0.01107 1.89Tri 0.02566 0.00299 1.960.01284 0.00077 1.990.00642 0.00019 1.990.00321 0.00005 -Smooth Quadrati
 0.05126 0.03031 1.88Tri 0.02566 0.00824 1.960.01284 0.00212 1.980.00642 0.00054 1.990.00321 0.00014 -Smooth Linear 0.05291 0.04053 1.84Quad 0.02643 0.01127 1.950.01321 0.00292 1.980.00660 0.00074 1.990.00330 0.00019 -Smooth Quadrati
 0.05291 0.14377 1.87Quad 0.02643 0.03923 1.950.01321 0.01011 1.980.00660 0.00256 1.990.00330 0.00064 -Regular Quadrati
 0.04811 0.02285 0.86Hex 0.02406 0.01257 0.940.01203 0.00657 0.970.00601 0.00336 0.980.00301 0.00170 -Smooth Linear 0.04968 0.51097 0.93Hex 0.02512 0.27094 0.970.01262 0.13912 0.980.00633 0.07045 0.990.00317 0.03544 -Smooth Quadrati
 0.04968 0.59806 0.98Hex 0.02512 0.30638 0.970.01262 0.15684 0.980.00633 0.07979 0.990.00317 0.04031 -Table 2: Trun
ation error for the derived operatorDIV T, de�ned by Eqn. (33).The trun
ation error is se
ond-order of the triangular and quadrilateral grids,but �rst-order on the unstru
tured hexagonal grids.
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Grid Fun
tion h L2 norm qL2Smooth Quadrati
 0.05126 0.00770 1.94Tri 0.02566 0.00201 1.970.01284 0.00051 1.990.00642 0.00013 1.990.00321 0.00003 -Smooth Quadrati
 0.05291 0.01561 1.98Quad 0.02643 0.00396 1.990.01321 0.00099 2.000.00660 0.00025 2.000.00330 0.00006 -Regular Quadrati
 0.04811 0.00286 0.86Hex 0.02406 0.00157 0.940.01203 0.00082 0.970.00601 0.00042 0.980.00301 0.00021 -Smooth Quadrati
 0.04968 0.01813 1.66Hex 0.02512 0.00583 1.530.01262 0.00204 1.250.00633 0.00086 1.070.00317 0.00041 -Table 3: Trun
ation error for the prime operator DIV T, de�ned by Eqn. (35).Here T is de�ned as the normal proje
tion of the tensor to the median mesh.As in table 2 the trun
ation error is se
ond-order on the stru
tured grids and�rst order on the unstru
tured hexagonal grids. Note that the error are mu
hsmaller than for the derived divergen
e results in Table 2.
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4.2 Numeri
al solution of a ve
tor Poisson equationTo test the operators we have used them to solve the problemr � (ru) = f ; (48)f = � �2 sinx 
os y�2 sinx 
os y � ; (49)with Diri
hlet boundary 
onditions. The exa
t solution for this problem isu = � sin x 
os ysin x 
os y � ; (50)u is de�ned on the boundary.In addition to the L2 norm used for the trun
ation error tests, the max normwas also 
al
ulated. This norm isjjEmaxjj = max1�i�Np jex;i; ey;ij; (51)where ex and ey are the 
omponents of the error ve
torep = (DIV GRAD up)� (r � ru)p: (52)Tables 4 and 5 show the 
onvergen
e rates for the solution of (48) for thedis
rete approximations where the tensor solution is de�ned as either the tan-gential proje
tion or normal proje
tion operators. Both sets of results showsimilar behavior for all the grids. On the triangular and quadrilateral gridsboth the L2 and max norms show approximately se
ond order 
onvergen
e. Onthe hexagonal grids the max norm has approximately �rst order 
onvergen
e,and the L2 norm gives between �rst and se
ond order 
onvergen
e.
5 Con
lusionWe have 
onstru
ted two sets of dis
rete expressions for the gradient of a ve
torand divergen
e of a tensor on unstru
tured grids. The �rst set of dis
reteoperators are appropriate when tensor fun
tions are de�ned as the tangentialproje
tions to the zone edges. The se
ond set of operators are appropriate whenthe tensor fun
tions are de�ned as normal proje
tions to the median mesh.Both sets have ve
tor fun
tions de�ned at the grid points. These mimeti
 �nitedi�eren
e methods were de�ned using the support operator method. Ea
h setof operators 
an be 
ombined to give an expression for the ve
tor Lapla
ian.The order of a

ura
y of the trun
ation error was investigated on triangular,quadrilateral and hexagonal grids. The trun
ation error 
onverged between�rst and se
ond-order. When tensors are de�ned as tangential proje
tions, thegradient operator was exa
t for quadrati
 polynomials. The derived divergen
egave se
ond-order trun
ation error on grids with triangular and quadrilateralzones, and was �rst-order for the grids with hexagonal zones. When the tensors19



Grid h L2 norm qL2 Max norm qmaxRegular 0.0500000 0.0000040 2.00 0.0000081 2.00Tri 0.0250000 0.0000010 2.00 0.0000020 2.000.0125000 0.0000002 2.00 0.0000005 2.000.0062500 0.0000001 - 0.0000001 -Smooth 0.0493239 0.0000334 2.06 0.0000994 2.03Tri 0.0252017 0.0000084 2.03 0.0000255 2.020.0127241 0.0000021 2.01 0.0000064 2.010.0063913 0.0000005 - 0.0000016 -Regular 0.0500000 0.0000099 2.00 0.0000132 2.00Quad 0.0250000 0.0000025 2.00 0.0000033 2.000.0125000 0.0000006 2.00 0.0000008 2.000.0062500 0.0000002 - 0.0000002 -Smooth 0.0525892 0.0002774 1.95 0.0005161 1.91Quad 0.0263507 0.0000721 1.99 0.0001382 1.980.0131877 0.0000182 2.00 0.0000350 2.000.0065966 0.0000046 - 0.0000088 -Regular 0.0481125 0.0005288 1.36 0.0019595 0.94Hex 0.0240563 0.0002067 1.31 0.0010245 0.980.0120281 0.0000834 1.22 0.0005204 0.980.0060141 0.0000357 - 0.0002629 -Smooth 0.0504807 0.0009455 1.57 0.0025585 0.94Hex 0.0253050 0.0003195 1.55 0.0013334 0.990.0126666 0.0001095 1.41 0.0006706 1.000.0063365 0.0000413 - 0.0003363 -Table 4: The errors and 
onvergen
e rates for solving Poisson's equation whenthe gradient is the prime operator, and the tensors are de�ned as tangentialproje
tions to the zone edges.
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Grid h L2 norm qL2 Max norm qmaxRegular 0.0500000 0.0000040 2.00 0.0000081 2.00Tri 0.0250000 0.0000010 2.00 0.0000020 2.000.0125000 0.0000002 2.00 0.0000005 2.000.0062500 0.0000001 - 0.0000001 -Smooth 0.0493239 0.0000334 2.06 0.0000994 2.03Tri 0.0252017 0.0000084 2.03 0.0000255 2.020.0127241 0.0000021 2.01 0.0000064 2.010.0063913 0.0000005 - 0.0000016 -Regular 0.0500000 0.0000099 2.00 0.0000132 2.00Quad 0.0250000 0.0000025 2.00 0.0000033 2.000.0125000 0.0000006 2.00 0.0000008 2.000.0062500 0.0000002 - 0.0000002 -Smooth 0.0525892 0.0009477 1.99 0.0018962 1.98Quad 0.0263507 0.0002397 2.00 0.0004816 1.990.0131877 0.0000601 2.00 0.0001211 2.000.0065966 0.0000150 - 0.0000303 -Regular 0.0481125 0.0007079 1.70 0.0038118 1.02Hex 0.0240563 0.0002181 1.60 0.0018793 1.010.0120281 0.0000717 1.51 0.0009323 1.010.0060141 0.0000252 - 0.0004642 -Smooth 0.0504807 0.0009534 1.60 0.0036081 0.71Hex 0.0253050 0.0003167 1.55 0.0022146 0.920.0126666 0.0001080 1.50 0.0011717 0.980.0063365 0.0000382 - 0.0005946 -Table 5: The errors and 
onvergen
e rates for solving Poisson's equation whenthe divergen
e is the prime operator, and the tensors are de�ned as normalproje
tions to median mesh.
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are de�ned as normal proje
tions, the divergen
e was se
ond-order a

urate forthe deformed triangular and quadrilateral grids, and �rst-order on the deformedhexagonal grid. The trun
ation error for the derived gradient 
onverged to �rstorder on all grids 
onsidered. In both 
ases the magnitude of the error of theprime operator is less than the magnitude for the equivalent derived operator.The solution of the Poisson equation 
onverged to se
ond-order for bothapproximations of the Lapla
ian on the triangular and quadrilateral grids. Onthe hexagonal grids the solution 
onverged between �rst and se
ond-order.The new dis
rete operators are suitable for the solution of partial di�erentialequations on arbitrary two dimensional grids. The numeri
al experiments showthat the operators have good trun
ation error and 
onvergen
e properties, with
onvergen
e rate of between �rst and se
ond order. The trun
ation error testsshow that the prime operators have a smaller error magnitude than the derivedoperator. This a�e
ts whi
h approximation is most suitable for a spe
i�
 prob-lem, if the a

ura
y of one operator is more 
riti
al then that operator shouldbe 
hosen as prime operator.A
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