(80630) Analytical Methods in Combinatorics and CS January 17, 2007

Lecture 12

Lecturer: Irit Dinur Scribe: Limor Ben Efraim

1 Reminder from last lecture

In the last lecture we started to prove the following theorem related to the graphs G = (V, E)
and Gt = (V, E'):

Theorem 1 There exist constants c,7y dependent only on d and |X| such that

unsat(G') > min{y, ¢ - t - unsat(G)}

We recall the main idea of the proof: Let t € N such that ¢ is divisible by 8. We defined

t t t t t t
TSZ[_éng T4:[_171]7 T2: [_575}

The distribution D Let D be the following distribution on the set T5:

e choose independently j1, jo € Ty.

e answer ¢ = j; + jo. (Note that ¢ € T5)
Let P be the set of paths in the graph G.

The distribution A Let A be the following distribution on the set P x Ty:
e choose ¢ €p Ts.
e choose random walk p in G at length t 4 /.
e choose uniformly s € Ty N (£ + T4).

e answer (p,s).

Let ¥ be finite set (The alphabet). Let ¥/ = Xd’+d'+..+d",
Let H : V — Y/ be the best assignment to V. That is, unsatg(G?) = unsat(G?).

We define A : V — ¥ as follows:

e We choose uniformly k ~ § + Ty = [§ — £, 5§ — £].

e For v € V, we choose random walk of length k£ which starts at v. We denote by w the
end vertex of that walk.
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o let
h(v) = arg max li’ur(H(w)(v) =a)
Le., h(v) is the most common value from ¥ under that distribution, the most common
opinion at the end of the random walks.

Let F' C E be the edges that h violates.
Let F' C E’ be the edges that H violates.
Actually, our target is to see that
|F|

F/
unsat(G') = :E’: >c-t- ] =c-t-unsat(G).

Let i € Tg. Let p = (v1,...,044¢) € P, v = Vipsripn S € Ty, u=" Let A;(p,s) be an

itst+i
event on P x Ty which occurs iff:

o H(o1)) = hlw)

o H(vite)(w) = h(v)

e (u,v) €F
Notice that if there exists ¢ such that A;(p, s) occurs then (vq,viie) € F'.
Let xi(p, s) = 14,(5,5) and N = >, z:(p, 5).
2 Finishing the proof of Theorem 1
Claim 2

unsaty (G') > Probg . a(N(p,s) > 0)

Proof If N(p,s) > 0, then at least there exist i such that A4;(p, s) occurs, and there are edges
in G* that are violated.

Let us notice that by looking at the events A; we did not count all the possibilities to violations
of edges in G*. Therefore Prob; ¢ 4(N(p, s) > 0) is actually a lower bound to unsaty(G*). B

Therefore, it is left to show:

Lemma 3

F
Prob s~ [N(ﬁ, s) > 0} > ct \’E;

Before we prove the Lemma we need few help Lemmas.

Claim 4 Let Y be non negative random variable. Then

E[Y])?
Prob {Y > 0} > (E([YL))
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Proof

E[Y] = IE[Y : 1{Y>0}] < VEY?),/E(lys0p2) = VE(Y?) - /Prob(Y > 0)

The inequality is by Cauchy-Schwartz inequality. B

Lemma 5
1 ||
E4|IN| > AR —
A= ToE gy
Proof We will prove that for each ¢ € Ty we have E[x;] > 4&'2 : % Since there are %

elements in Ty, we will get the inequality.

The distribution B; We define a distribution B; on the probability space P x T4 as
follows:

e We choose (u,v) € E.
e We choose j1, j2 € Ty independently.

e We choose path of length % + i+ j1 starts from u and denote it by (v1, ..., Vigivg = u).

e We choose path of length %—z’—i—jg starts from v and denote it by (v = VL g1 Ut jr+ja ) -
2
e The answer is s = j1 and p = (v1, ..., Vg5, 44o)-

We claim that B; = A. Indeed, let £ = j; + jo. Then ¢ € T, distributes according to D. In
both distributions we pick random path at the same length, (the length of the random path,
t + ¢ is fixed by the same distribution D at both distributions A and B;). The graph is regular,
so it does not matter which start point we start.

Calculate Ep, [x;] = E4[z;]: By the definition of the event A; we have

Probz; > 0] = Prob|(u,v) € F]-Prob [H(vl)(u) = h(u) | (u,v)} -Prob [H(vtﬂlﬂz)(v) — h(v) | (u,v)
(1)
1P|

We notice that since the graph is regular Prob[(u,v) € F| = 17> and the above events are
independent, so we can calculate them separately.

We now calculate Prob[H (vi)) = h(u) | (u,v)]:

t t
Prob|H(vi) () = h(u) | (u,u)} — Prob [¢+§+jl € 5+T8} Prob [H(vl)(u) = h(u) |u =055, 1 € T4}
(2)
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Lower bound to first term in the above equation: from the definition of B;, the length of the
path (vl""’véﬂ'ﬂj = u) is distributed uniformly in the set S;j, = { £ +i+j1: ji1 € Tu}.
Noticing that % + 15 C Si,j+1> ‘T4| = % +1, ’Tg’ = % + 1 and

t
|Sij+1| = [Tu] <2 !5 + Ty| = 2|Tg|,

we get
P b['+t+' et+T}>1
rob|i + — — —
B J1 D) 8] =5
Since there are at most |X| possible 'opinions’ on u, we can bound the second term in equation
(2): .
Prob[H(vl)(u) =h(u) | u=1ve 4y, J1 € T4} =
We get that
1
Prob [H(vl)(u) — h(w) | (u,v)} > o5

Similarly we have,
Prob| H(vess,152) ) = (o) | (w,0)| > s

Summing up all the terms in equation (1), we get

£l 1
E Prob 0 —
[x;] = Prob[z; > ]>]E] e
And \F] .
E[ 0
=2 Blai) > (5t s
€Ty
[ |
Lemma 6

||
EA[N?] <t =
|E|

For the proof of Lemma 6 we need the following claim:

Claim 7 Fori < j,
_ _ F F i
E(ﬁ»S)NA [Y;(]L S) ) ij(p, S):| < H <;E} + ( ) >
Notice that

]E(ﬁ,s)w_A le(ﬁv S) ’ ij(ﬁa S)} = Z PTOb(Y; : Y} > 0| S’E) ’ PTObSET;;IETg |:(87€):|
s€Ty,leTr
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thus we can prove the inequality to each couple (s, /) separately. Actually this reduces to the
following question: given random walk in the graph and the first step is in F, what is the
probability that the j — ¢’s step is also in F'?
We sketch a proof for similar easier claim on the vertices, which is enough, since we can
take the set of vertices as
S={veV: Ju, (v,u) € F}.

Claim 8 Let G = (V,E) be a (n,d,\) expander, and let S C V. We start random walk in
G, (’1)1,’1)2,...). Then
1]

Prob [vz € S} \V!

+(5 )

Sketch of Proof The idea of the proof is very similar to the idea of the proof of Lemma 7
in Lecture 6 and as we did in exercise 2.

Let 1g be the indicator vector of S. Then

Prob[vi S S} =<1g, — A’ls > .

ISI

And we can continue in a similar way to claim 7 in lecture 6. L.e., we write 1g = xg + x1 where
ro is the orthogonal projection of 15 on the vector > - 1 (vector of ones in all the coordinates)

and let ;1 be the projection on the subspace orthogonal to 1. Then,

1
< Xoy Alwg > +—

P?“ob[vz € S] < 15,A 1lg >= < xl,Aixl >
!S| !S! 5]
1A, K.
2 2 < ~—1 Y
< rgilloll + Gl < B (§)
||
Proof of Lemma 6: Given p = (v1,...,0¢4), U = Vigar tr¥ = Vig gyt i1, let AL(p,s) be the

event that (u,v) € F. Let Yi(p,s) = laps). Note that it Ai(p, s) occurs then Al(p,s) also
occurs, therefore for all (p, s):

}/z(ﬁv S) > Xz(ﬁa S)‘
Hence, and by the fact that XZ-2 = X,
BN = E[(3 20)%| = Egaeu| 3o XilB5)X;(5,9)]

i€y i,j€Tg

= Y Eaea | X0 5)] + 3 By | XilP5) X; (7. 5)]

i#
<Y Eggea [YE(@ 3)} +2) Epgma {Yi(ﬁ, s)Y;(p, S):
1€Ty i<j

By the regularity of the graph G we have,

|F]

E[Y;] = Prob [Y > 0} - Pmb[( v) € F] B
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Hence,

F
> EY; = |Tx] - 1]
€Ty

As a corollary from claim 7 we get

DR (!ZI V)2 (a

1<J 1<)

El_ o LE
d (X, d)
ZIEI " E

and we calculate ¢ as follows:

Proof of Lemma 3: By claim 4 and Lemmas 5,6 we have

(EN)?
(N?)

Probg s\~ []\7(]57 s) > 0}

ﬁ
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