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Technion From error-correcting codes to hardness of November 3rd,
I1IC: 236610 approximation in light of the PCP Theorem 2005

Lecture 1: History, Terminology and Statement of the PCP Theorem

Lecturer: Eli Ben-Sasson Scribe: Eyal Rozenberg

In this lecture we will formulate the PCP Theorem and discuss the current state-of-the-art in
terms of its parameters. Before doing so, however, we will recall the notion of classical, error-
less proof checking and introduce the (relatively new) notion of proofs “beyond reasonable
doubt”. As we shall see, if one is willing to settle for these proofs, the benefits are big (and
surprising) savings in computational resources. After stating the PCP Theorem, we will
briefly survey some of the key results leading up to it.

1.1 Deterministic proofs vs. proofs “beyond any reasonable
doubt”

Let ¥ be a finite alphabet and L C ¥* a language.'
Let us rephrase the definition of the well-known complexity class, NP, in terms of proof
checking:

Definition 1.1 (The class NP). NP A language L C ¥* is in NP iff there exists a
deterministic Turing machine M with two inputs: an instance x of length n and a proof y
of length poly(n), such that the following holds:

e Operation: M runs in time poly(n) and outputs either accept or reject.

e Perfect Completeness: x € L = Jy [M(l‘, y) = accept}.

e Perfect Soundness: © ¢ L = Vy [M(x,y) = reject].

The following is a concrete well-known example of a language in NP (actually, it is NP-
complete).

Ezample 1.2. CIRCUIT-SAT is the language of (encodings of) satisfiable Boolean circuits
with NOT and (fan-in two) AND gates. A circuit with n inputs is satisfiable iff there exists
y € {0,1}™ such that C(y) = 1. Notice y is a proof of satisfiability for the circuit C.

In the above definition, the completeness and soundness demands are quite strict. Thus, a
proof as defined above is similar to a classical mathematical proof. There is no room for
error and a statement (of the form “z € L”) is true if and only if it has a proof. Consider
now a legal proof as might be presented in a court. Here, one settles for a proof “beyond
reasonable doubt”, admitting there is a small probability that the statement being proved

We usually assume ¥ = {0, 1}, and that the Turing machines’ alphabet has an extra ‘space’ (or ‘empty’)
character in its working alphabet.
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is false (e.g. there is a small probability that the knife fell from the sky right into the
deceased’s chest and bounced into the hand of the suspect, his nemesis :-) )

Now consider the computational setting. Suppose we are willing to settle for accepting
proofs beyond reasonable doubt, i.e. with an error probability of at most €. In other words,
we introduce randomness into our verification process and acknowledge that with probability
< ¢ we might accept x ¢ L (imperfect soundness) or reject x € L (imperfect completeness).
By allowing this relaxed notion of a proof (and with the use of randomness) we will save
greatly on computational resources. Let us formally define the classes of languages decided
by proofs beyond reasonable doubt, and before that we define the probabilistic verification
process of such a proof.

Definition 1.3 (Verifier). For functions ¢, q,r,t : Nt— N a (¢,q,r,t)-restricted verifier
V is a randomized Turing machine with oracle access to a proof II; On input = of length
n, V receives a proof of length |II| < ¢(n), flips at most r(n) coins, works in time < #(n),
queries the proof at g(n) locations at most (each query is answered by a single element of
¥)) and outputs accept or reject.

The output of V on input = with proof IT and coin flips R is denoted by V[z; R].

When we specify our completeness and soundness demands from a (¢, g, r, t)-restricted ver-
ifier, we have fully defined a complexity class:

Definition 1.4 (PCP classes). Let £, q,r,t be as in Definition 1.3 and let ¢,s : NT— [0,1].
The class

length = {(n)
randomness = r(n)
query = q(n)
PCP| ime = t(n)
completeness = ¢(n)
soundness = s(n)

<

is the class of languages L for which there exists a (¢, g, r, t)-restricted verifier V' satisfying:

e Completeness: z € L = 311 [PrR [V z; R] = accept] > c(n)]

e Soundness: z ¢ L = VII [PrR [V z; R] = accept] <1 — s(n)}

The probability above is taken over R chosen uniformly at random from {0, 1}7(").
Whenever we do not specify ¢ and s, they are implicitly assumed to be 1 (perfect complete-
ness) and 1/2 respectively.

Observation 1.5. For every verifier V', time > query, and we may assume without loss of
generality that length < query - 2randomness < time . grandomness,

Observation 1.6. It follows immediately from our definition of NP above that

length = poly(n)
randomness = 0

NP = PCP query = poly(n)
time = poly(n)
completeness = 1
soundness = 1
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1.2 Statement of (two variants of) the PCP Theorem

There are several different parameters in the definition of a PCP class (and in the course
of our lectures we shall see several more). In general, we wish to show that a language
L is contained in a PCP-class with minimal length, running-time, randomness and query
complexity and with maximal completeness and soundness. There are several different
formulation of PCPs that optimize different sets of parameters, and we now state two
such results (several other exist in the literature and are useful for different goals). The
first is useful for efficient proof verification (in terms of running time and communication
complexity) and the second is useful for obtaining hardness of approximation results. Most
of our course will focus on proving these two results.

Theorem 1.7 (The PCP Theorem). The following hold:

“Short (quasi-linear) PCPs”:

length = f(n) - polylog(f(n))
randomness = log(length) + O (1)
query =0
C .
NTIME (f(n)) € PCP| " time = f(n)- polylog(f(n)
completeness = 1
soundness = 3
“Sound, query-parsimonious, PCPs” :

ength = poly(f(n))

randomness = log(length) + O (1)

query = 3 (over alphabet {0,1})

completeness = 1

soundness = % —€

For any reasonable function f(n).

Notice the soundness can be increased to any arbitrary constant s < 1 by (sequential or
expander-based) repetition. However, this increases the running time and query complexity
by a factor equal to the number of repetitions. A major part of our effort will be devoted
to obtaining and analyzing resource-efficient ‘soundness boost’ methods.

1.3 A (brief and incomplete) history of the PCP Theorem

There have been many counter-intuitive discoveries along the path leading to the PCP
Theorem. One surprise is that when settling for random verification “beyond reasonable
doubt”, one can make do with so little computational resources (like a constant number
of queries into the proof). Another surprise is that the PCP-Theorem (especially in the
second part of Theorem 1.7) implies numerous tight inapproximability results.

We now briefly discuss some of the main surprises along the way, omitting many other
crucial contributions (for more information, see [46, 1]).
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1.3.1 [Initial results leading up to the proof of the PCP Theorem

The notion of proofs “beyond reasonable doubt” in its computational setting was introduced
by Goldwasser, Micali and Rakoff [27] in the 1980s. In their work a verifier (similar to the
one in Definition 1.3) interacts with another machine (called a prover). Such a proof scheme
is called interactive.

The interaction in the proof was first removed in the work of Fortnow, Rompel and Sipser
[22], who replaced the interactive prover (Turing machine) with a non-interactive proof
(string of bits). They developed this notion as part of the study of multi-prover interactive
proof systems and referred to them as ‘transparent’ or ‘holographic’ proofs.

Later in the 1980s, Babai Fortnow and Lund [6] proved that

length = poly(n)
NEXPTIME = NTIME (2”‘9(”) _ pcp| rendomness = poly(n)
query = poly(n)
time = poly(n)

Notice the big and surprising computational saving in the Theorem above. Instead of
exponential time (required by a ”classical” deterministic proof) we can verify proofs beyond
reasonable doubt in polynomial time!

A short while later, Babai, Fortnow, Levin and Szegedy [5] performed a ’scale-down’ of the
principle of this proof to show that if L € NP is "encoded”, i.e. contains only strings that
are encoded by a good error correcting code (i.e. one that is efficiently computable and has
large distance), then

length = poly(n)
L € PCP| randomness = poly(log(n))
time = poly(log(n))

Notice the verifier is so efficient, it does not even have time to read more than a negligible
part of the statement being proved! (for this to work we need to assume statements are
encoded).

At about the same time, Feige, Goldasser, Lovasz, Safra and Szegedy [20] showed that PCP
systems for NP— specifically, PCP s with a low number of queries and high soundness —
imply it is hard to approximate the solution to certain combinatorial optimization problems
such as MAX-CLIQUE.

As a consequence of this surprising connection, much of the attention in PCP research was
given to minimizing the query complexity while maximizing soundness.

Shortly after, Arora and Safra [4] formally defined the notion of PCP’s, with randomness
and query complexity as main parameters. They also introduced the notion of proof-
composition of PCP’s (a technique crucial for reducing query complexity without reducing
the soundness too much). Applying these new definitions and tools they showed:

NP C PCP< randomness = O (log(n)) >

query = o(log(n))

Observation 1.8. The reverse of the above inclusion is relatively easy to derive: With loga-
rithmic randomness and polynomial running time, a verifier can brute-force its way through
all possible randomness sequences. The same reasoning shows the running time and proof
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length are at most polynomial. What Arora and Safra had achieved was therefore a non-
trivial characterization of NP in PCP terms.

Building on this result, Arora, Lund, Motwani, Sudan and Szegedy [3] reduced the query
complexity to a constant (yet another big surprise), resulting in the following characteriza-
tion of NP, known as the ‘basic PCP Theorem’:

length = poly(n)
B randomness = O (log(n))
NP =PCP query = 0(1)
time = poly(n)

1.3.2 Improvement of the basic PCP Theorem and its main parameters

e length: Spielman and Polischuk [39] reduced the proof length and showed that

randomness = (1 + ¢)log(n)
SAT € PCP< query - 01

which implies that an almost-linear proofs suffice for constant-query PCP verifiers.
Later improvements by Harsha and Sudan [29]; Goldreich and Sudan [26]; Ben-Sasson,
Sudan, Vadhan, Wigderson [13]; Ben-Sasson, Goldreich, Harsha, Sudan, Vadhan [9];
Ben-Sasson, Sudan [11] and Dinur [17] led to short PCPs (the first part of Theo-
rem 1.7).

e soundness: The ‘Parallel Repetition Theorem’ of Raz [40] regarding multi-prover inter-
active proofs has been crucial to obtaining PCPs with high soundness and small query
complexity. The recent 'Gap Amplification Theorem’ of Dinur [17] is an important
resource-efficient soundness amplification technique (useful in a different setting of pa-
rameters than that of Raz’s parallel repetition) and is crucial to obtaining quasi-linear
PCPs with constant query complexity.

e query: A major tool in reducing the query complexity (while leaving the soundness
relatively high) is the use of the ‘long code’; introduced by [8]. The second part of
the PCP Theorem 1.7 above was proved by Hastad [30]. The ‘long code’-based proof,
besides comprising interesting techniques of its own, relies heavily on Raz’ Parallel
Repetition Theorem.

ER: of course a long-code-based proof relies on the properties of the long
code... removed that bit

1.3.3 Recent Trends

e Inapproximability results: Since the appearance of the PCP Theorem (and most
notably Hastad’s result) there has been a steady output of various inapproximability
results using the PCP Theorem (see e.g. the surveys [47, 2]).

e Revisiting the proof of the PCP Theorem: In attempts to understand the
minimal necessary ingredients in the proof of the PCP Theorem, several simplifications
arose [18, 9, 11], most notably the recent surprising proof via gap amplification [17].
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e Khot’s ‘Unique Games Conjecture’: A stronger version of the PCP Theorem
(the complexity of which is at the moment unresolved) [31]. If the conjecture is
true (and the associated problem is indeed hard to decide), then many new tight
inapproximability results follow (See [32] for a survey).
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Lecture 2: Testability and decodability of the Hadamard codes

Lecturer: Eli Ben-Sasson Scribe: Anat Paskin

In this lecture, we state and present the bulk part of the proof of the following quite
surprising (at the time) weaker PCP theorem version:

Theorem 2.1.

length = 20(*)
randomness = O (n?)
NP C PCP| duev =16
- time = 0(n?)
completeness = 1
soundness = 1/200

Although the proof of this theorem is quite simple, it already contains several key ideas
which lead to the proof of the PCP theorem. The proof is based on demonstrating that
the NP-complete language CIRCUIT-SAT (see Example 1.2 for definition) belongs to this
class. The main idea of the proof is to encode PCP witnesses using an error correcting code
(ECC) with large distance between codewords. This code will have very nice properties of
local testability, and locally decodability. On a high level, local testability means that there
exists an efficient algorithm for testing for being a codeword which reads very few of its bits,
and accepts in case the string is a valid codeword, and rejects with high probability in case
it’s ‘far’ from a codeword. Local decodability means there exists an efficient randomized
‘decoder’ that correctly decodes (with high probability) certain properties of a message
from its ‘slightly’ corrupted encoding. The main result of this lecture is locally testable and
decodable. This will allow us to efficiently and reliably read linear combinations of bits of a
given proof and in the next lecture encode a witness for satisfiability in a manner that will
allow proof verification with constant query complexity, perfect completeness and constant
soundness (proving Theorem 2.1). Details follow.

2.1 Definitions and notation

In this section, we review several basic concepts used throughout the proof.

2.1.1 Error correcting codes

Definition 2.2 (Hamming distance). Let F be a field, n € Nt and z,y € F". The
Hamming distance between x and y is

Az,y) = [{i € [K] | i # yi}|
The relative Hamming distance between x and y is

Az, y)

A*(xvy) -
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Note. The fields we shall use in our constructions are all finite. Specifically, F' = Fy = {0, 1}
throughout the proof of Theorem 2.1.

Definition 2.3 (Error-Correcting Code). Let F' be a field and k,n,d € N*t. An error
correcting code C' : FF— F™ [n,k, d] ~-ECC is an injective mapping satisfying

Ve, o' e FF | o+ 2' = A(C(;U),C(x')) =>d

n is the block length of the code; k/n is the code’s rate and d is the code’s distance (d/n
is the code’s relative distance). If, additionally, C' is a linear mapping, it is said to be a
[n, k,d] --LECC (linear error correcting code).

The ‘quality’ of an ECC is measured both by high rate and high distance (two contradicting
parameters). In what follows, we consider linear codes with very poor (small) rate and very
good distance. Indeed, the distance will later on be instrumental in proving Theorem 2.1.
We now extend the notion of Hamming distance from elements to sets:

Definition 2.4. The Hamming distance distance between an element w € F™ and a set
S CF"is
minges A(w,y) §# 2

1 otherwise

A(w,S) = {
The Hamming distance between an element w € F™ and an ECC C' is
Alw,C) = A(w, {C’(x) ‘ x € Fk})

Definition 2.5 (Hadamard code). For a € F*, let £, : F¥— F be the linear function

k
lo(x) = (x, a) = Zaixi
i=1

Let L denote the space of k-dimensional linear functions over F'; we note that
£y ={ta: F*~ F|acFt}

The k-dimensional Hadamard code, Hy, : FF— F 2" is the function

Hy(x) = (fa(x))aeFk

that is, the sequence of values of the application of all linear functions to x, in some fixed
order (e.g, lexicographic order of the a’s).

Observation 2.6. The Hadamard code is a [2¥, k, 2871 LECC (in fact, the distance between
any pair of codewords is ezactly 2°~1). The code has, therefore, a relative distance of %
The code’s rate, however, is rather poor (inverse-exponential in k).
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2.1.2 Locally testable codes

Another concept we will need is locally testable codes. A code C'is locally testable if there
exists an efficient tester, that reads few bits of a supposed codeword, and distinguishes
between two cases: The string is a codeword in which case the tester always accepts, or
the string is ‘far’ (by some problem-related measure) from being a codeword, in which case
the tester rejects with constant probability. We will measure the distance from C using the
metric A*(+,-). Next, we formally define localy testable codes. Notice the similarity of this
definition to that of a PCP language class.

From now on, we sometimes use the term PPT as a shorthand for probabilistical polytime
algorithms.

Definition 2.7 (Local Tester). Let C = {C} : FF— Frk) ’ k € NT} denote a family of
codes, and let n(k),r(k),q(k),t(k) : N*— N* and s(d,k) : [0,1] x N*— [0,1]. A random-
ized Turing machine T is a (t(k),7(k), q(k), s(6, k))-tester for C if, on input 1* and oracle
access to a string w € F™¥) it satisfies the following:

e Operation: T% reads its randomness of length ? r(k), makes at most g(k) queries to
w (each query reads an element of F'), and terminates within at most ¢(k) steps with
a result in {accept, reject}. Denote the action of T" on oracle w and randomness R by
T [1%; R].

e Prefect Completeness: w € Img(Cy) = Prp [T“’ [1k; R] = accept] =1
e Soundness: w ¢ Img(Cy) = Prp[T"[1%; R] = accept| < 1 — s(A*(w, Cy), k)
(

Definition 2.8. A (t(k),r(k),q(k), s(6,k))-LTC locally-testable code is a code C' : FF— F"
which has an (¢(k),r(k), q(k), s(d, k))-local-tester.

2.2 The Hadamard code is locally testable

The main result (in terms of technical complexity) we prove in this lecture is the following
theorem:

Theorem 2.9 ([36]). The Hadamard codes {Hy | k € NT} are locally testable with param-
eters (O(k),2k,3,s(0) > min(4/2,2/9)).

In fact, the theorem as stated here is a special case of a more general result proven by Blum,
Luby, and Rubinfeld [36] for testing group homomorphism. As to further optimizing the
parameters of this construction, the query complexity of this result was shown to be tight
in [10]. Some parameters, however have been improved in subsequent work. Bellare et al.[7]
improve s for (our) special case of the Hadamard code to s(d) > 4. It has been shown in
[12] that r may also be reduced to (k) = (1 + o(1))k, and this randomness efficient testing
was generalized in [45] to the original homomorphism testing setting of [36].

Note that any Hj-codeword may be naturally viewed as a function f : FF— F. In fact,
Img(Hy) is precisely the set of linear functions {Ea . Pk F ‘ a€ Fk}, where Hy(z) rep-
resents the ‘table’ of values of the function y(a) = ¢,(x) = ¢;(a). This may be restated as
follows

2The tester as described here is non-adaptive...
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Observation 2.10. a function f : F*— F is a codeword of Hy, iff every 2 elements a,b € F*
satisfy f(a) + f(b) = f(a+0b).

Proof. Proof of Theorem 2.9 A local tester Ty for the Hadamard will utilize Observa-
tion 2.10: it will test a function f for being close to some linear function. Given input 1*
and oracle access to f, the tester will perform the following:

1. Select a,b € F* randomly and independently.
2. Query the oracle for f(a) f(b) and f(a +b).
3. Output accept if f(a) + f(b) = f(a+b), reject otherwise.

Ty obviously satisfies the query, randomness and running time requirements of the theorem
are obviously satisfied; by Observation 2.10, the test has perfect completeness. Lemma
Lemma 2.11, proven below, is the contrapositive of the soundness requirement, so T sat-
isfies this requirement as well. O

Lemma 2.11. If Ty rejects a function f : FF— F with probability € < 2/9, then f is within
a relative Hamming distance of 2¢ from some codeword of Hj.

Proof of Lemma 2.11. Assume Prg [T{I [1]‘3;R] = reject} = ¢ < 2/9. We have to show
A*(f,w) < 2e for some Hadamard codeword w, and here is a candidate:

Definition 2.12 (Majority function). For an oracle f : F*— F, define an auxiliary func-
tion ¢ : Fk_> F by (z)a = majbeFk(faer - fa)’

Intuitively, ¢ represents the most common vote for the value of a (which may disagree with
fa)- Tt turns out ¢ is a Hadamard codeword (we will prove this separately in Lemma 2.13,
below). How far is f from ¢? To answer this question, let

Bad = {a e F* ’ o(a) # f(a)}

Now we have on one hand

A*(f,¢) = Prla € Bad] € tertextandontheotherhand,e = PlI)' [T}; [lk; a, b} = reject}

a a,

> Pg [TIJ; [lk; a, b} = reject‘a € Bad] - Pr[a € Bad]
a, a
1

> — - Pr[a € Bad]
2 a

so A*(f,¢) < 2e, that is, f is indeed close enough to ¢, and consequently to Hj. O

Lemma 2.13. ¢ € Img(Hy).

Proof. First, we show that for all a, ¢, is ‘voted’ by a ‘vast’ majority of b’, that is, the
following claim is true:

Claim 14. For all a € F* we have Prycpr(fars — fo = ¢a) > 2/3.
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Claim 1. Consider the following mental experiment: Fix any a € F*, and select b, c € F*
at random. We observe the following relations

PTb,c[fa+b - fb = fa+c - fc] = Prb,c[fa—‘rb + fc = fa+c + fb] (1)
Prb,c[fa—i-b + fe# fa+b+c] < 2/9 (2)
Prb,c[fa-i—c + fb 7é fa+b+c] < 2/9 (3)

Equation 1 follows by simple rearranging of the equation describing the event. The last
pair of inequalities follows from the assumption ¢ < 2/9, since the pair (a + b, ¢), in this
experiment is distributed identically to a pair of random independent variables in F*, so
Pry [ fa+b + fe # fatbre] is exactly the rejection probability of T/. By the union bound, it
follows from equations 2, 3, that

PTb,c[fa+b_fb:fa+c_fc] >5/9 (4)

Let b= Prb[fa+b - fb = QZ)(CL)] = Prc[fa+c - fc = d)(a)] Then Prb,c[fa—i—b - fb = faJrc - fc] =
p? + (1 — p)%2. Equation 4 implies p? + (1 — p)? > 5/9 and by assumption on ¢ we have
p > 1/2. Simple analysis shows p > 2/3 and this completes the proof of Claim 14. O

To complete the proof of Lemma 2.13, fix another arbitrary o’ € F*. By Claim 14,

Pry[¢(a) # f(b) — f(b—a)] < 1/3
Pry[¢(a’) # fla+b) = f(b)] < 1/3
Pry[p(a+a') # f(a' +b) = f(b—a)] <1/3

The first inequality holds since b — a is distributed uniformly over F*; the other two are
justified by a similar argument. Now, by the union bound, there exists a b not satisfying
any of the three inequalities above. b satisfies ¢(a’)+ ¢(a) = d(a+a’) = f(a'+b) — f(b—a);
since a,a’ are arbitrary elements of F*, it also holds that ¢(a’) + ¢(a) = ¢(a + a') for
every a,a’ € F*. From this equality we can conclude by Observation 2.10 that indeed
6 € Tmg(()Hy.). 0

This completes the proof of the Hadamard code’s local testability.

2.3 What next?

Next time, we will formally define ‘local decodability’, and observe that the Hadamard
code is locally decodable as well as locally testable. As mentioned in the introduction,
local testability and local decodability properties combined will allow us to read bits of
the Hadamard encoding with ‘relative confidence’. In the next lecture we will complete
the proof by showing that the Hadamard encoding of a CIRCUIT-SAT witness provides
enough information to verify it in O(1) queries with high soundness. Shortening the proof
from exponential to polynomial will be our next goal.
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Lecture 3: Hadamard local decodability and the language QCSP

Lecturer: Eli Ben-Sasson Scribe: Dan Baum

In this lecture we will continue to discuss properties of the Hadamard code. We will prove the
local decodability of this code and use it to test various properties of the encoded message,
using a constant number of queries into a (possibly corrupted) codeword. Ultimately, we will
show that one can test the property of whether a message encodes a satisfying assignment
to a given circuit, thus proving Theorem 2.1.

3.1 Locally decodable codes

An error-correcting code maps messages * € {0,1}* to codewords w € {0,1}" such that
even if a small fraction of the bits of w are changed (resulting in w’), the message x can
be uniquely and efficiently recovered from w’. Suppose we want to determine whether x
has a certain property (For example: Is the sum of its bits even? Is the ith bit zero?).
An easy way of answering our question is to recover z from w’. As we shall see below,
some codes (including the Hadamard code) allow for deciding certain such properties of
without decoding x in its entirety, and even tolerating a certain part of the encoding being
erroneous.

Definition 3.1 (Locally decodable codes). Let C be a [n, k, d]-LECC, let G C {g : FF— F}
be a family of functions and let ¢, r,t be integers. An (q,r,t)-decoder for G from C' is a
randomized algorithm with one input and oracle access to a string w € F™. On input a (de-
scription of a) function g € G, the decoder tosses 7 coins, runs in time ¢, makes ¢ queries to
w (each query is answered by an element of F') and outputs an element of F'. Let D" [g; R]
denote the output of the decoder D on input function g, randomness string R and oracle
access to w.

For ¢ : [0,1] x NT— [0,1], we say G is (q,7,t,c)-locally decodable from C if there exists a
decoder D satisfying the following completeness requirement for all z € F* w € F™, g € G-

Pr{D"[g; ] = g(x)] > (A" (w, C(z))

where A*(+,-) denotes the relative Hamming distance.

Remark. Usually in the literature a code is called locally decodable if every message bit
can be locally decoded (i.e. G in the above definition is the set of projections onto single
bits of the message). However, for constructing PCPs we will need to locally-decode other
functions of the message, thus requiring a broader definition.

We can now formally state in which sense the Hadamard code is locally-decodable. Recall
Ly, is the space of linear functions ¢ : {0,1}*— {0,1}.
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Lemma 3.2. For all k € NT, every linear function in Ly is (2,k,0(k),1 — 2§)-locally-
decodable from the Hadamard code Hy.

Proof. Let £q4(x) = Y, a;x; be a linear function that we wish to decode from supposed
codeword w € Image(H}). Our decoder for tosses k coins to select R € {0, 1}k, queries wg
and wry, and outputs their sum wgr + wgry,. Notice the query complexity, randomness
and running time are as claimed. Regarding completeness, the key observation is that each
query of D is a random (uniformly distributed) entry of w. Thus, if A*(w, Hg(x)) < 0,
then with probability at least 1 — 24, our supposed codeword w agrees with the uncorrupted
codeword Hy(z) on both its queries. In this case (by Observation Observation 2.10 our
decoder outputs £, (z). This completes our proof. O

3.1.1 Constraining Hadamard codes to subspaces

We now use the local testability and decodability of the Hadamard code to learn whether
a message lines in an arbitrary affine space A < {0, 1}k. Recall V C F¥ is called a linear
space if every a,b € V and o, € F satisfy aa + 3b € V. Recall A C F* is an affine
space if it is a translation of a linear subspace, i.e. there exists a vector u € F¥ such that
A=V +u={v+u|v eV} The dimension of A is the dimension of V. Finally, recall a
d-dimensional affine space A can also be defined using a matrix M € F*=9Dxk and a vector
u € FF=4 by the linear constraints A = {a: € F* ‘ Mx = u}

Definition 3.3 (Restricting the Hadamard code to affine spaces). For A < F* let H,
{Hy(z) |z € A}. Similarly, let Hy|qo = {z € F* ‘ S aim = al.

‘A:

Our next result is

Lemma 3.4. For any d-dimensional affine space A < F¥, the code Hk‘A 1s a locally testable
code with parameters (O(k),3k — d,4, min{sg, (0),1 — /2}), where sg, is the soundness
function from Theorem 2.9.

To prove this Lemma, we start with a simpler version of it that deals only with affine spaces
of co-dimension 1.

Lemma 3.5. For every a € F* and o € F, the code Hk|aa

parameters (O(k),2k,4, min{sg, (§/2),1 —6}), where sy, is the soundness function from
Theorem 2.9.

s a locally testable code with

Proof. Let T, D denote the tester and decoder from Theorem 2.9 and Lemma 3.2, respec-
tively. A tester Tg qipnq for H, k‘a ., operates as follows:

e Choose randomly b, c € FF:
o If TV [1’“; b, c] = reject, reject. Otherwise,
o Accept iff D" [{,;b] = a.

T satisfies the randomness and running time constraints. Regarding query complexity, T
reads wy, w. and wpy. and D reads wy and wq1p — a total of four queries. As for soundness,

let § = A* <w, H k| ) There are two possibilities:

a,x
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1. A*(w, Hy) > ¢/2. In this case Theorem 2.9 implies

Pr [T’” [1’“; b, c} = reject] > s, (6/2)

b,c

2. A*(w, Hy) < §/2 < 5. In this case w is §/2-close to a word w = Hy(2') with £, (') # o
thus Lemma 3.2 implies
Pbr[Dw[éa;b] #a]>1-9¢

ER: maybe beef this up a bit?

Proof of Lemma 3.4. Let A= {x € F* | Mz = u}. The tester T4 (with oracle w) operates
as follows:

e Select r € F¥=? b, ¢ € F* uniformly and independenty.
o Leta=r"Mand a =rTu.
e Invoke T, o, from Lemma 3.5 with proof w and input 1,

The running time, randomness,query complexity and completeness constraints are satisfied
by our definition of T'Y; it remains to analyze the soundness. Assume A* (w, Hy, | A) > 0. We
follow the proof of Lemma 3.5: If A*(w, Hy) > ¢/2, by Lemma 3.5 the tester will rejectwith
probability at least sg, (6/2), satistying the constraint. Otherwise, w is §/2-close to a word
w' = Hy(x), for some = ¢ A. The crucial observation is that Mz # u, so with probability
exactly % (over r) we have r" Mz # rTu, i.e. Y a;z; # a. In this case, Lemma 3.2 implies
Pry[D"[(y;b] = reject] > 1 — 4. Since the event above occurs with probability 3, and r is
independent of the random b used by D, we conclude the rejection probability in this latter
case is at least (1 —6)/2. O

3.2 Quadratic constraint satisfaction problems

We shall introduce a new language QCSP and use it as an intermediate step in proving
Theorem 2.1.

Definition 3.6. An instance of QCSP (Quadratic Constraint Satisfaction Problem) is a set
of polynomials over {0, 1} on n variables with total degree < 2 and the additional restriction
that each polynomial contains at most three monomials. An instance is in the language i.f.f
there exists an assignment to the n variables causing all polynomials to vanish (evaluate to
zZ€ero).

Lemma 3.7. QCSP is NP-complete.

Proof. We reduce from CIRCUIT-SAT. Recall an instance of CIRCUIT-SAT is a circuit,
i.e. a sequence 1) of n gates (g1, ..., 9gn) such that each gate is either an input gate or is one
of the following
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e AND: g; = g; N g = 0 for j, k < i.
e NOT: g; = —g; for k < 1.

We reduce this circuit to the following instance of QCSP over variables yi,...,y,. Our
set of constraints is as follows. If g; = g; A g is an AND gate we add the constraint
¥i —Y;-yr = 0 and if g; = —gy is a NOT gate we add the constraint y; —y;, + 1. Let ¢ be the
collection of all constraints arising from the gates of the circuit . It is readily observable
that ¢ € QCSP < ¢ € CIRCUIT-SAT. O

Next we provide a version of QCSP in which all constraints are degree one polynomials.

Definition 3.8 (AFFINE-QCSP). An instance of AFFINE-QCSP is an affine subspace

of {0, 1}”2 defined by a matrix A € {0, 1}"2X”2 and a vector u € {0, 1}”2. An instance is
in the language iff there exists a vector y € {0,1}" such that A(yXyT) = u (where the n?
coordinates of yxy' are considered as a column vector).

Lemma 3.9. AFFINE-QCSP is NP-complete.

Proof. We reduce from QCSP. Consider an instance ¢ of QCSP with n variables and m
constraints:

n
k
> az(j)% yj +ul
=1 ke{l,....m}

Let A be the affine space defined as the set of n?-dimensional vectors z = {#ij}ijem) over
{0,1} such that

Z agf)zij + u®) =0
ij=1
for all k € {1,...,m}. Note that y € {0,1}" satisfies ¢ iff z = yxy" € A. To see this, the

crucial observation is that over {0, 1} we have yf =y, SO z; = y;. For all other entries, by
definition we have z;; = y;y;. This completes our proof. O

Next lecture we will present a PCP for an instance of AFFINE-QCSP which will essentially
be the Hadamard encoding of y and of z = yxy", where y satisfies the QCSP instance
and z satisfies the corresponding AFFINE-QCSP instance. This will complete the proof
of Theorem 2.1.
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Lecture 4: Basic PCP Wrap-Up; Dinur’s Gap Amplification I
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4.1 Theorem 2.1 Redux and Final Proof

Reminder: We set out to prove Theorem 2.1:

length = 20(n2)
randomness = O (n?)
query = 13
CIRCUIT-SAT € PCP| 9
time = O(n?)
completeness = 1
soundness = 1/200

To achieve this, we have proven the following:

e The Hadamard code Hj is both locally testable (using 3 queries), and any linear
function of a (k-bit long) message is decodable using 2 queries to its Hy encoding.

e For every affine subspace A < {0,1}", The Hadamard code Hk‘ 4 18 locally testable
(using 4 queries).

Given circuit C' with n gates, we reduce it to an instance of AFFINE-QCSP of dimension
2

n? as shown in the previous lecture. Let A C {0,1}" be the affine space resulting from this

reduction. Recall C is satisfiable iff there exists y € {0,1}" such that z = yxy' € A. Thus,

we expect as our probabilistically checkable proof the Hadamard encoding of y and of z.

Consider first an honest prover, which sends valid encodings of y € {0,1}" and z € {0, 1}”2.
The verifier has to check:

1. Whether or not z € A (this guarantees that the polynomials are all satisfied, i.e. that
the circuit is satisfied).

2. Whether y and z are consistent with each other, that is whether z = yxyT; this is
equivalent to checking whether the matrix M = z — yxy" is all-zero.

Assume z # yxy', or equivalently, M # 0. We wish to reject (without making many
queries). To this end, suppose we select a random linear combination of the rows of M
using the random coefficient vector r; € {0,1}". This line is non-zero with probability at
least 1/2 (because M # 0). We then select another random linear combination of the results
row’s cells using a second, independent random coefficient vector ro € {0,1}". If Mrq # 0,
then ro ' M7y # 0 (or, equivalently, £, (y) - €, (y) # E( )(z)) with probability 1/2 . Thus

with probability at least 1/4, our verifier rejects an inconsistent y, z pair.
We are finally ready to complete the proof.

riXTro T
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Proof of Theorem 2.1. Given an input a circuit C with n gates, the verifier first reduces it
2

to an instance of AFFINE-QCSP, of dimension n?. Let A C {0,1}" be the resulting affine

space; we recall C is satisfiable iff there exists y € {0,1}" such that z = yxy' € A. The
2

proof oracle is a concatenation some Y € {0,1}*" and Z € {0,1}*" . The verifier conducts
the following tests, accepting iff all sub-tests accept:

e Invoke the tester for the n-dimensional Hadamard code Hy from Theorem 2.9 on
oracle Y.

e Invoke the tester for H,2|, from Theorem 3.4 on oracle Z.

e Randomly and independently select r1,72 € {0,1}"; Invoke the local decoder from
Lemma 3.2 three times accepting iff

DY[4,,;R)- DY [¢,,; R] = D?[(, .7 R]

r1T2
The proof length, running time, and completeness parameters all meet the theorem require-
ments, by definition of our verifier. The randomness used in all LD-reads and LTC-tests,
as well as the selection of 1,72, is ©(n). The number of queries is:

3 for LTC-testing that Y € H,
+ 4 for LTC-testing that Z € H,,2 }A
+ 3-2 for locally decoding ¢,,, ¢, and ¢
13 in total

rirol

As usual, the more involved argument regards the PCP system’s soundness. Suppose
C ¢ CIRCUIT-SAT; this implies one of the following holds:

1. Y is 1/100-far from H,,.
2. Z is 1/100-far from HnQ‘A‘

3. Y, Z are 1/100-close to some valid y, z, but these two are inconsistent, i.e. z # y-y'.

If either of the first or second case holds, then the relevant LT C-test rejects with probability
at least 1/200. Otherwise, the third case holds. With probability at least 1/4, the choice of
r1, T2 is such that

£ () s (9) # £y (2)

For such choices, local decodability implies that with probability at least 1 — 3 - 2/100 we
have DY [r1] = €, (y), D}, = 4,,(y) and D?[¢ = E( so verifier rejects. Thus in

all cases the verifier rejects with probability at least 1/200, completing the proof. 0

Tl-TzT] 1 ><r2T)7

Observation 4.1. We could have inferred Y from Z, since z = yxy ' implies that the diagonal
of zisy (yi-y; = y; in {0,1}). This would have eliminated the need for testing Y, reducing
the number of queries to 10. The query complexity could be reduced further by reusing bits
from the LTC-test for LD-reads.

Observation 4.2. We have proven the theorem with a soundness value which is far from
being optimal, even with the methods used in our proof.
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4.2 Reducing the Proof Length — Two Approaches

The question now arises, how to avoid the use of such incredibly long proofs. A possible
course of action would be replacing the linear Hadamard code with different, terser codes,
such as Reed-Solomon or Reed-Miiller codes.

Ezxample 4.3. Suppose we wish to encode the word w = 010110 of length d = 5. Let us
choose some field Fj, with k£ > 6, and select the polynomial p(x) € z[Fi] of degree |w| — 1
uniquely defined by the constraints p(i) = w; for all i’s: We’re setting its values on {0,...,6}
and interpolating them on the rest of the elements of Fy.

The problem with this approach is, that one must read ©(d) (for the example, d+ 2) values
of p(z) to be able to test if a function is close to a codeword. Le. the query complexity is
too large. Traditionally, this problem was overcome by composing PCP systems: First, one
would prove the existence of a PCP using short proofs (e.g. poly(n)) but many queries (e.g.
v/n). One would then apply a PCP system to the previous PCP-verifier’s circuit as the
input. With each repeated PCP application, the number of queries would decrease again
(e.g. to n¥* nl/8 etc.)

Of course, the PCP system must meet certain conditions in order to allow for composition
and one had to make sure not to lose too much in terms of soundness along the way.

Remark. In [3], three compositions were used:

10 10
n — (log(n)10> — log <10g(n)10) = (1010g(logn)) — poly(logloglogn)

At this point, even the application of Hadamard encoding does not necessitate a proof
longer than O (log(log(n))).

Dinur took a different course of action. First, she uses many repeated compositions. Sec-
ondly, she begins with a low soundness value, increasing by a constant factor with further
compositions, rather than beginning with a high soundness value and limiting its decrease.
To take this approach she has to overcome a different problem: ‘simple’ soundness amplifi-
cation means repeating a verification several times, resulting in the use of more randomness,
and consequently increasing the proof size (and requiring consistency checking for the re-
sults of repeated verifications). Dinur’s solution is an amlification of the soundness by a
modest factor, but in a randomness-parsimonious manner, followed by a PCP-of-proximity
(this will be defined later on) for verifying the consistency of the compositions.

4.3 Dinur’s GGap Amplification

Theorem 4.4 (Irit Dinur, [17]). For every sufficiently large alphabet ¥ (it seems |3| > 3
suffices) there exists a(|X|) > 0 such that for all a € N*,

length = {(n) length = O{(n))
randomness = 7(n) randomness = r(n)+ O (1)
query =2 query =2
PCP| (ime —tn) | SPCP| time - O(t(n))
completeness = 1 completeness = 1
soundness = s(n) soundness = «-min{va-s(n),1/\/a}
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with the O (-) constants dependent on |3| and a.

Observation 4.5. Why the restriction on |X|? With only 2 queries and [X| = 2, the power
of a PCP system cannot exceed P, as its acceptance is a 2SAT formula. If the number
of queries is 3, such as in the ‘basic PCP’ Theorem 2.1, the constructions of the proof
below would involve 3-hypergraphs rather than graphs, which would make them much
more cumbersome. Thus the alphabet size must be increased.

Notice that the basic PCP Theorem is an immediate corollary.

Corollary 4.6. There exists constant o' > 0 and finite alphabet ¥ such that

length = o)
randomness = O (log(t(n)))
query =2

NTIME (¢(n)) C PCP time — o)
completeness = 1
soundness = o

Proof. Let L € NTIME (t(n)) and ¢ € L with |¢| = n. We reduce ¢ to a 3COL instance
of size n' = t(n’)o(l) (n' is |E(Q)| in the graph to be colored).

Now, we can prove the colorability using a witness which is a non-encoded coloring of the
vertices. If the graph is not 3-colorable, every proof induces a monochromatic edge. A
verifier can select an edge randomly, read the coloring of the incident vertices from the
proof and accept iff the edge is non-monochromatic. An uncolorable graph would be reject
with probability at least 1/n’/. Thus

length = 0)

query =2
3COL € PCP completeness = 1

soundness = 1/n/

with the other parameters as stated above. We now apply Theorem 4.4 to ¢, 2log,(n’)
times, achieving PCP parameters

time = &™) . ¢(n') = 190 (n)

length = (") . O (') = t°W)(n)

randomness = log(n’) + (log(n’)) cc=0 <log(n))
a
completeness = 1

and as for the soundness,

1 ’
soundness = min {/ . \/Ezlog“(n ), oz/\/Fz} =a/vVa def o' >0
n
OJ

Question. How far can one hope to raise the soundness a? Andrej Bogdanov showed in [14]
that with Dinur’s methods, it is impossible to exceed o = % (this will part of homework
assignment 2).



Before proceeding to prove Theorem 4.4, we shall describe the problem again in terms of
coloring of graphs.

Definition 4.7. A constraint graph G is a triplet (G,X,C), where G = (V, E) is an undi-
rected multigraph with self-loops allowed, Y. is a finite alphabet, and C are per-edge con-
straints:

C={C. : ¥ x X— {accept, reject} | e € E(G)}

these constrain the possible colorings of the two incident vertices of each edge.

Definition 4.8. An assignment for a constraint graph G is a function A : V(G)— 3 which
defines a coloring of the vertices: The soundness of an assignment A is

S(Q, A) = ( EE(G) [C(u,v) (A(’U,), A(”)) = reject]

u,v
Definition 4.9. The soundness of a constraint graph G is
s(G) = mjn s(G, A)

Definition 4.10. A promise problem is a pair of languages YES,NO C X* satisfying
YEs N No = @. If YESUNO = X*, the pair constitutes a decision problem.
Definition 4.11. Let § : NT— [0, 1] be a soundness function. The problem GAP-CG(Z, s)
is the promise problem with

YES ={G = (G,%,C) | s(G) =0}

No ={G = (G,%,C) | s(G)) = 5(|E(G)])}
Thus the YES graphs are those which are completely satisfiable, and the NO graphs are
those for which you cannot satisfy more than some fraction of the constraints.

Proposition 4.12 (restatement of Theorem 4.4). For every ¥ with |X| > 3 there exists
a(|X]) > 0 such that for every a € NT,

polynomial
GAP-CG(E, 5(n)) %", GAP-CG(Z, - min {a - s(n),1/va})
with the O (-) constants dependent on |3| and a.
Proof Sketch. The proof will be comprised of three phases:

Phase I. We ‘beautify’ G: We transform it into a constraint graph G’ which is d-regular
graph for some d, has self-loops, and is an expander. This makes it ‘behave’ sim-
ilarly to a random graph in some respects. This phase decreases the soundness
and increases the size.

Phase II. We apply a ‘powering’ to G’, resulting in G” over alphabet ¥”. This phase
increases the soundness, at the cost of an increased alphabet size: |X"| > |X].

Phase III. We perform an alphabet-reduction phase, returning from the larger ¥” to X,
by composition with a PCP-of-proximity. This phases reduces the soundness
again.

Accounted over all three phases, the parameters will have changed as the theorem specifies.
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Lecture 5: Dinur’s Gap Amplification II: Graph beautification

Lecturer: Eli Ben-Sasson Scribe: Anat Paskin

5.1 High-level proof

Recall that last time we stated a gap amplification theorem (Theorem 4.4), from which
the basic PCP theorem follows as an immediate corollary. It was also mentioned that the
construction consists of a sequence of three reductions. In this section, we precisely define
and parameterize each of the reductions, and show how they fit together (which is rather
straightforward). In the next sections we explicitly construct and analyze the first and third
reductions. The more technically involved step, where the actual soundness amplification
is done, will be analyzed in the next lecture. In the following discussion we sometimes refer
to the size of E as the size of a graph G = (E, V).

Definition 5.1 (Expander). A (d, A\)-expander, is a d-regular undirected multigraph G =
(V, E) with at least one self loop per vertex, with the following property. For every set of
edges ' C F, and for all ¢ > 0, it holds that a random walk that starts at a random edge
in F, makes its (i 4+ 1)st step in F with probability p < |F|/|E| + A%

We say a graph has ‘meaningful’ expansion according to this definition only when A < 1.

Definition 5.2. EXPANDER-GAP-CG(n, X, s, (d, \)) is the restriction of the promise prob-
lem GAP-CG(n,,s) to instances over (d, A)-expander graphs.

We are now ready to present a high-level proof of Proposition 4.12 in a more detailed
manner.

Lemma 5.3. There exists constants = [((d,|X|) >,d,c1,¢3 > 1 and finite alphabet g
(independent of |3|), such that for all a € N the following holds.

Phase I. Preprocessing:

polynomial

GAP-CG(ng, 3, §9) —eduction , pxpaNDER-GAP-CG(n1 = O(ng), T, 81 > So/c1, (d,1/2))

Phase II. Powering:
polynomial

1 )
EXPANDER-GAP-CG <n1, ¥, 51(n), (d, 2)) _reduction

GAP-CG (n2 < ny-d®, 2%, 3 min(ss(n) - a, 1/\/6))
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Phase I1I. Alphabet-reduction:

polynomial

. O(a)
GAP-CG(ng, 3, §,) —eduction , GAP-CG <n3 <y 2Pl Ry 8y > §2/C3)

Assuming Lemma 5.3 holds, we conclude the proof of Proposition 4.12 by selecting /a >
2c¢1c3/03. Applying the reductions (one after the other, starting from the first) results in a
soundness amplification by a factor of 2, and it’s trivial to see that the other parameters are
changed as claimed. Note that the graph resulting after applying the alphabet reduction
step will be over the original alphabet is < 3y (think of ¥ as a small constant).

5.2 Preprocessing Construction

We now describe the details of the preprocessing reduction. Recall that the purpose of this
stage is to create a ‘nicely-formed’ constraint graph, suitable to serve as an input to the
powering step. The reduction proceeds as follows.

Given an instance G = (G = (V, E),%,C), we reduce it to an expander graph with the
proper parameters in two stages, summarized in the following two lemmas. First, we turn
it into a dp-regular graph (Lemma 5.4) and then add d; edges to each vertex to make it a
(d = dy+d, §)-expander (Lemma 5.7), for some constants do, d;. As usual, the (somewhat)
tricky part is ensuring the soundness doesn’t drop by more than a constant factor in each
stage.

Lemma 5.4. There exist constants dg,c > 0, such that any constraint graph G = (G =
!

(V,E),X,C) can be efficiently transformed into a dg-regular constraint graph G' = (G' =
(VI E",S,C"), with |V'| = 2|E|, and s(G") > s(G) - c.

This lemma is an ‘expander-replacement’ transformation, due to [38].

Proof. We first present without a proof a few additional well-known properties of expander
graphs.

Definition 5.5. A graph G is a (d,e)-edge-expander, if G is d-regular and for all S C
V,|S| < |V|/2, it holds that |E(S,5)| > e-|9|.

We say a graph has ‘meaningful’ expansion according to this definition when e > 0. Note
that definitions 5.1,5.5 both define the same object, referred in the literature as ‘expander’.
These definitions are related (by analyzing the second eigenvalue of the adjacency matrix
of a graph) in the sense that a graph with meaningful expansion according to the first
definition also has meaningful expansion according to the second definition and vice versa.
We use the fact that expanders can be efficiently constructed (proving this fact is highly
non-trivial [35, 23, 34, 42], but beyond the scope of this course).

Theorem 5.6. There exists constant d € N, such that there exists a polytime constructible
family of graphs {X},, (for all large enough n), where each X, is a (d,2)-edge-expander of
stze n.
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The construction. Given G = (G = (V, E),3,C) construct a new constraint graph G,
by replacing each node in G by an instance G, = (V,, E})) of the graph Xy, , where d,
is the degree of v in G, and put an equality constraint on every internal edge of G!?, we
refer to edges of E| as ‘internal’. Additionally, for every e = (v,u) € E, draw an edge
between a unique v € V, and a unique u’ € V,) and place on this edge the constraint on
(u,v) appearing in G, we refer to such edges as ‘external’. Finally, add a self-loop (with a
constraint that always accepts), to obtain a d + 1-regular graph.

Analysis. The completeness of the construction is easy. This is the case, since a satisfying
assignment to V, can be extended to a satisfying assignment to V' in the straightforward
way. To prove the soundness property, we let ¢’ : V' — ¥ denote the best assignment to V’
(that is, one yielding an unsat value of s(G’)). Let o denote an assignment to V', generated
by letting o(v) assume the most frequent value among o’(v’), over v/ € V.. By definition,
o is rejected by s1(G) > s(G) of the constraints in C. Let F' C E denote the set of edges
rejected by o, and F’ C E’ denote the set of edges rejected by o’ respectively. Also let S,
denote the set of vertices in V, which disagree with o(v). Let S = (J, oy, S,. Consider an
external edge ¢’ in E’ corresponding to an edge (u,v) € F. The key observation is that if
e/ ¢ F’, then it has at least one endpoint in S’. Therefor, every e € F either corresponds
(the correspondence is induced by the last observation) to an edge ¢’ € F’, or a vertex (or
two vertices) v’ € S’. Since all external edges are disjoint in vertices, we conclude that

|F| < |8 +|F] (5)
There are two possible cases:
1. If |F'| > |F/2|, then we conclude the proof with ¢ = 1/2- (d + 1).

2. Otherwise, we have [S| > |F|/2 by Equation 5. By definition, every S, satisfies
1S, < |Vi|/2. By the properties of {X},, we have |E'(S],S})| > 2-[S}|. Therefor,
S” induces a set of (internal) edges rejecting o’ of size at least §%,e12|S)| = [S7] >

E'|-s(G
|FI/2 2 |B] - 5(G)/2 = TS,
We conclude the lemma holds with dy =d + 1,c = 1/2- (d + 1). O

Next, we show how to turn the graph into an expander.

Lemma 5.7. There exists a constant dy, such that any dy-reqular constraint graph G =
(G =(V,E),%,C) (with large enough dy,n) can be efficiently transformed into a (dy + dy)-
regular constraint graph G' = (G’ = (V' E'),%,C’), with a self-loop in every vertex, where
G’ is a (do + dv, §)-expander, and s(G') > s(G) - do/do + d .

Proof. We only present the construction and prove the soundness property, without proving
the expansion property of the new graph. Given G = (G = (V, E), X, C) over n vertices, take
a (di, \)-expander, for sufficiently small A\. The existence of such an expander is promised
by Theorem 5.6. We put empty constraints on all the new edges (and keep the constraints
of G on the original edges). Since the number of edges increased from dy to dy + d + 1, we

3We assume w.l.o.g. that the degree of every vertex is large enough to construct Xg,
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pick an original edge with probability dy/(dy + d1), which implies that the soundness drops
by the same factor. Proving the resulting graph is indeed a (dy + dj, %)—expander is not
very hard, but it requires additional knowledge about expanders that is beyond the scope
of this course. O

Combining the results of the last pair of lemmas, we immediately obtain a reduction from
GAP-CG to EXPANDER-GAP-CG, parameterized as specified in the preprocessing step of
Lemma 5.3.

5.3 Composition

As mentioned before, we postpone the exposition and analysis of the gap-amplification stage
to the next lecture, and proceed to the composition (alphabet-reducing) reduction.

The core of the construction is the concept of PCP’s of proximity (also known as ’as-
signment testers’).

Definition 5.8. Let X denote a finite alphabet. A pair language L € ¥* x 3*.

Ezample 5.9. The pair language CIRCUIT-VAL consists of all pairs (C,y) where C is a
boolean circuit, y is an assignment to its input gates and C'(y) = 1. Formally, CIRCUIT- VAL
={(Cy) : Cy) = 1}.

We will be interested in pair languages induced by a language L € NTIME (¢(n)) according
to the deterministic machine My, deciding Ry, (where Ry, is a poly(t(n)) bounded relation
defining L), by letting pair — L = {(x,y)| M (x,y) = accept}. Also, let L, = {y|Mp(z,y) =
accept}. We will assume w.l.o.g. x includes a description of the length of y. This assumption
can be made w.l.o.g. because, if unspecified, we set the size of y to be t(|x]).

Definition 5.10 (PCPP Verifier). Let ¢,7,q,t : Nt— N*t. A ({(n),7(n),q(n),t(n))-PCPP
verifier is a probabilistic machine V with oracle access to an implicit input y and a proof
II. On explicit input (x, N) with || = n, and N an integer (specifying |y|), verifier V runs
in time t(n), tosses r(n) coins, makes ¢(n) queries to y of size N and to 7 of size ¢(n) and
outputs either accept or reject.

Definition 5.11 (PCPP). Let £,7,q,t : N*— Nt and s : N*— [0,1],c : NT— [0,1] x N*.

length = {(n)
randomness = r(n)
query = q(n)
PCPP time = t(n)
completeness = ¢(n)
soundness = s(d,n)

is the class of all pair languages L for which some (¢, r,q,t)-PCPP verifier V' satisfies:

e Completeness: y € L, = 311 {PrR [V¥![z; R] = accept] > c(n)}
e Soundness: A*(y,Lg) > 6 = VII [PrR [V¥H[z; R] = accept] < 1 — (4, n)}
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We point out that our Hadamard based, exponential length PCP (Theorem 2.1) can be
easily converted into a PCPP for CIRCUIT-VAL.

Theorem 5.12.

length = o

randomness = O(n?)
Circurt-VaL € PCPP| 9% N

time =n

completeness = 1

soundness = min(1/200, 0.980)

Proof Sketch. Given a circuit description C' (in binary), we define the expected proof (y, IT)
as follows. y denotes a satisfying assignment of C', and II denotes a proof that C'is satisfiable,
structured as the valid oracle in the proof of Theorem 2.1. Furthermore, we expect II to
encode the assignment y, rather than some other satisfying assignment of C'. To verify
that both these conditions hold, we first run the verifier from Theorem 2.1, and reject upon
failure. Otherwise, select an arbitrary index ¢, read y;, and compare it with the decoding
of y; from II, accept iff they are equal. It’s rather straightforward from Theorem 2.1 that
the above construction yields ¢,t,r, ¢ as required in Theorem 5.12. Note that we make
3 additional queries in order to verify that II actually encodes y, so we make at most
13 4+ 3 = 16 queries to the oracle. To see that the soundness requirement holds, consider
two cases. If IT is 1/100-far from an encoding of any satisfying assignment to C', then the
first test will reject with probability at least 1/200. Otherwise, II contains a Hadamard
encoding of a word, which is 1/100-close to a Hadamard encoding of a satisfying assignment
of C. Since y is o-far from a satisfying assignment of C, it’s also §-far from the (unique)
assignment w encoded by II. Therefor, with probability at least §, the verifier will select a bit
i on which y and w differ, and will recover w; with probability at least 0.98 (independently
of the bit selected). Overall, we get s(n) > 1/200,0.98 - §, as required.

In the next lecture we will complete the proof of the alphabet-reduction step. The idea
would be encoding the assignment to each vertex (over some large alphabet ') in our
input constraint graph by a good error correcting code, with constant rate, and constant
relative distance (this step is called robustization) We then replace each constraint by
a circuit (over small ¥), and run the tester above on (the encoding of) each constraint
separately (composition). Since ¥ is of constant size, we can afford ourselves exponentially
large circuits, and using such a long PCPP proof. Eventually, we use a standard technique
to reduce the number of queries to 2 (while reducing soundness by a constant factor), to
obtain a new constraint graph with small alphabet (independent of ).
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Technion From error-correcting codes to hardness of December 1st,
I1IC: 236610 approximation in light of the PCP Theorem 2005

Lecture 6: Dinur’s Gap Amplification III: Alphabet reduction

Lecturer: Eli Ben-Sasson Scribe: Dan Baum and Eli Ben-Sasson

6.1 Introduction

In this lecture we will discuss and prove the third phase of Lemma 5.3, namely:

polynomial

d® A reduction \E|do(a>
GAP-CG(no, X% ,59) ————— GAP-CG|ng <ns-2

2,83 > §2/03>

Let G be an instance of GAP-CG(ng, Eda,§2) over graph G. Recall our verifier expects
an assignment o : V' — %% picks a random edge (u,v) € E(G) and applies the constraint
C(u,v) to the pair of inputs o(u),o(v) € Y%, We need to reduce the alphabet size, while
keeping the soundness relatively high.

In order to do this we apply an efficiently encodable and decodable error correcting code
C : 24" — 39" and obtain code words over alphabet . This way we have a smaller
alphabet (X), but the number of queries is even larger than d*. To reduce the query com-
plexity we compose our verifier with the PCPP-verifier introduced in the previous lecture
in Theorem 5.12. Recall a PCPP-verifier tests (using a small number of queries) if an input
is close to an assignment that satisfies a predefined circuit. In our case, the circuit that
we wish to test proximity to, is the circuit that accepts iff it’s input corresponds to pair of
code-words that decode to elements in ¢ that satisfy Cluw)- The crucial observation is
that since we encoded our inputs, testing proximity to a satisfying assignment can replace
the actual testing of the assignment itself, thus reducing the query complexity. Details
follow.

6.2 Composition Theorem

PCPPs (also known as Assignment Testers) were introduced by [18, 13] to facilitate compo-
sition. The idea of proof composition, introduced to the world of PCPs by [4] is as follows.
Instead of having an outer verifier make a relatively large number of queries (in our case
d® queries), it will invoke an inner verifier to test that the input is close to satisfying a
constraint (in our case C(,,)). This notion of a verifier invoking a different verifier is called
proof composition. For composition to apply nicely, we require the outer verifier to be non-
adaptive, i.e. its queries and decision predicate depend only on the input x and coin tosses
R (but not on previous queries). This way, the outer verifier can easily set up the input
for the inner verifier. Additionally, to ensure soundness does not deteriorate greatly, we
require our inputs (to the outer verifier) to be encoded by some good error correcting code
(by ‘good’ we mean the code has large minimal distance and rate and can be encoded and
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decoded by a polynomial size circuit). We note that ‘good’ codes abound (but we don’t
go into details of constructing them). This leads to the following restricted form of PCP
verifiers and languages that are a special case of Definitions 1.3, 1.4.

Definition 6.1 (Non-adaptive PCPs over coded proofs). Let ¢,7,¢,t,m : NT— Nt and
let C be a [/, k', d']x-ECC. A (¢(n),r(n),q(n),t(n),C,m(n))-coded PCP wverifier is a prob-
abilistic Turing machine V' with oracle access to a proof IT of length < ¢(n). On explicit
input z, |z| = n, verifier V' runs in time ¢(n), tosses r(n) coins (let R denote the string of
coin-tosses), and outputs a pair:

e An index set I = I,.g) of g(n) query locations in II. Formally: I € {1,... (n)yat),

e A decision circuit D = D, of size < m(n) with ¢(n) input blocks, each block a
length n’ string over alphabet X. The output of the circuit belongs to {accept, reject}
and has the further restriction that if any one of the ¢(n) inputs is not a C-codeword,
then the output of D is reject.

For completeness and soundness functions ¢,s : NT— [0,1], we say a language L belongs
to the class of pair languages

length = {(n)
randomness = r(n)
query = q(n)
coded-PCP| Hme = i)
decision-size = m(n)
completeness = ¢(n
soundness = s(d,n)

if there exists a (¢(n),r(n),q(n),t(n),C,m(n))-coded PCPP verifier V' such that the follow-
ing holds for all x, letting H‘ ; denote the restriction of proof II to index set I:

e Completeness: = € L = 311 [PrR [D(x;R)(H‘I( 'R)) = accept} > c(n)}

e Soundness: = ¢ L = VII [PrR [Diwry) (M|, ) =accept] <1— s(n)}

(z;R)

With this Definition in hand, we are ready to state the composition Theorem that will be
used to complete our proof (of phase III of Lemma 5.3).

Theorem 6.2 (PCPP Composition). Let

length = {(n)
randomness = r(n)
query = q(n)
L € coded-PCP 2!,?12 _ tc(n)
decision-size = m(n)
completeness = ¢(n)
soundness = s(n)
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for some [0/, k', d'],-LECC C with d’ > n'/3. Suppose additionally

length = l'(n)
randomness = r/(n)
query = q'(n)
CKT-VAL € PCPP time — t’(n)
completeness = ¢'(n)
soundness = s'(d,n)

with monotone non-decreasing soundness function s'(§,n), i.e. for alln and 6 > &' we have
s'(0,m) > §'(8',n). Then L belongs to

length = {(n) + 2" - '(m(n))
randomness = r(n) 4 r'(m(n))
query = ¢'(m(n))

PCP| time = t(n) +t'(m(n))
completeness = ¢(n) - ¢/ (m(n))
soundness = 1s(n)- s’(#;)n,)

Among the many parameters in the previous Theorem, notice the query complexity of the
composed PCP is that of the inner PCPP-verifier, while all other parameters (most notably,
soundness) are not much worse than that of the outer coded PCP verifier.

Proof. We describe the operation of the composed verifier. Then we analyze it’s properties,
focusing on the soundness (which, as usual, is the main non-trivial part).

Operation Let V be the outer (¢, 4,7, q,C, m)-coded PCP verifier for L. On random coins
R, we are interested in computing D(II|;), where D and I depend on z and R. Instead of
directly doing this, we invoke the PCPP-verifier on explicit input D, implicit input II|; and
an auxiliary PCPP (for D).

Basic parameters Randomness, query complexity and running time are immediate. Re-
garding length, our composed proof is combined of the original proof II of length ¢, and
for every coin toss R we expect a proof of length ¢/(m(n)), giving the length stated in the
Theorem.

Completeness If z € L then there exists II satisfying V' w.p. > ¢(n). So, with this
probability at least, IT|; satisfies D and in this case there exists a PCPP proof causing the
inner verifier to accept explicit input D with implicit input II|; with probability > ¢/(n).
Thus, completeness of the composed verifier is at least ¢(n) - ¢(n).

Soundness Suppose x & L. Let §y be the probability that there exists ¢ € I such that II;
is d’/10n’-far from a codeword of C. There are two cases:

e 0y > s(n)/2: Recall D rejects any input that is not a concatenation of ¢ codewords
of C. In this case, with probability > &g the distance of II; from an assignment
accepted by D is at least d’/10¢gn so our overall rejection probability is at least dg -
s'(d'/10gn’,m(n)).



e 0y < s(n)/2: Let II; be the C-codeword closest to II; (breaking ties arbitrarily). With
probability > s(n) we have II'|; does not satisfy D. With probability > 1— s(n)/2 we
have II; is %;L,—close to IT} for all ¢ € I. We conclude that with probability > s(n)/2 we

have II; is d'/10n'-close to a concatenation of ¢ codewords of C, yet these codewords
do not satisfy D. Hence, at least %( % — 1—10) fraction of entries of II; must be changed

to reach an assignment that satisfies D. So our rejection probability in this case is at

least 71 ) y
S0 -8 N >80 -8 (——
The inequality above uses the monotonicity of s’. This concludes the soundness anal-

ysis and with our proof is complete.

qn’

O]

6.3 Proving Phase III of Dinur’s theorem

We are ready to complete the proof of phase III of Dinur’s Theorem. Recall that [n/, k', d']s-
error correcting codes C with d’'/n’ > 1/3,n' = O (k') that can be decoded in polynomial
time (in n’) are well-known. Applying such a code with &’ = d* to the constraint graph G
(over alphabet ¥¢") reduces GAP—CG(ng, DL §2) to

length = ngy - 200

randomness = log(length) + O (1)

query = 2

i — 920(d")
coded-PCP| tme - 2

code =C

decision-size = 200d")

completeness = 1

soundness = §2(n2)

The reason for the running time and decision size being 29(4%) is that we have an arbitrary
constraint over two inputs from Y%, so the size of a circuit deciding such a constraint is
bounded by 2'es(=])-d* — 90(d) (notice the extra cost of decoding the code C is negligible
with respect to 2¢). We now apply the Composition Theorem 6.2 to the above PCP
language and the Hadamard based PCPP of Theorem 5.12. (The statement of the Theorem
has query complexity sixteen. This can be reduced to two queries, over an alphabet of size
3, with a constant reduction in the soundness. For details, see Homework set 1). The
main parameters of this PCPP are: Two queries; small alphabet ¥; perfect completeness;
constant soundness function (s'(§) > d/cf for some constant ¢§ > 1); We conclude that for
some c3 > 1 we get GAP—CG(ng, PILaN §2) is reduced to

length = ng + 2losn2) . 92°04") _ 9 ()
randomness = 120g‘(n2) 4 20(d") — log (12) + O (1)

PCP query = . . .
time = ny 4206 = OO (6)
completeness = 1
soundness = $a(n2)/cs
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For instance, consider the soundness. The composition Theorem 6.2 gives

§3 Z §2 . s'(d'/QOn') >

1 1
5 _§§2-S,(1/60)2§2-1/600§Z§2/63

where cg = 1/120c4. Since our alphabet is ¥ and we have only two queries, Equation

(6) is equivalent to GAP-CG(O (n2), %, 83 > 82/c3), and our proof of the third phase is
complete.
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Technion From error-correcting codes to hardness of December
I1IC: 236610 approximation in light of the PCP Theorem 15th, 2005

Lecture 7: Dinur’s Gap Amplification IV: Graph powering

Lecturer: Eli Ben-Sasson Scribe: Eyal Rozenberg

Today we shall focus on the second, central, phase of the proof of Proposition 4.12 — the
graph powering phase. Our goal is to prove that

GAP-CG(n1,%, s1(m), (d, 3)-expansion)
lpolynomial reduction

GAP-CG(d®nq, 3%, 8- min{v/a - s1(n1), 1/ /a})

We recall that a graph G is a (d, A)-ezpander if it is d-regular, has self-loops at every vertex,
and for every F' C F, the probability that a random walk originating in a random edge of
F has its i + 1'th edge in F is no more than |F|/|E| + A’. In our case, this implies that the
distribution of the i 4+ 1’th edge is no further than 2% from the uniform distribution.

7.1 The Reduction Proper

How shall our reduction be performed? Given some constraint graph

G= (G, 3,C = {C’e : ©?— {accept, reject} ‘ e € E})

we construct

G — (Ga’ Ed“’ca)

The multigraph G has the same vertex set as G, but its adjacency matrix is Age = A% —
that is, for every path of length a from u to v in G, there exists an edge (u,v) in G* (there
may exist several such edges).

The set of colors now has 2% values; each vertex u may now be colored with d* values in 3,
representing u’s ‘opinion’ regarding the G-colors of the d* vertices at the ends of length-a
paths originating in w — the colors of a surface of a radius-a ball around u. Note the
existence of self loops on every vertex ensure the assignment to u actually gives an opinion
about every vertex at distance at most a from wu.

If & : V(G)— B% is an assignment, we denote by &(u),, the opinion of vertex u regarding
the color of vertex v’ in G.

Each edge (u,v) € E(G*) is now constrained as follows:

e The ‘opinions’ of both u and v, taken individually, must be self-consistent, i.e. © may
not ‘believe’ two paths end with a vertex in different colors, if the two paths end in
the same vertex in G.



e The ‘opinions’ of both u and v, taken individually, must satisfy the original con-
straints C: For every e = (v/,u”) € E(G) for which u has an opinion on both ends,
Ce(d(u),,d(u),n) = accept.

e u and v must agree on the G-color of every vertex reachable by a length-a path (in
G) both from u and from v (the vertices in the intersection of the radius-a ball).

7.2 Validity of the Reduction

We begin by observing that n — the number of edges — has indeed increased by a factor of
d® (there are d* length-a cycles originating in each vertex of G), and that the completeness
remains 1: If G is has a valid Y-coloring, one may use it to construct a valid £ -coloring
of G% by having each vertex’ opinion regarding other vertices’ colors being their actual
coloring by the valid coloring of G. As usual, the difficult part is the soundness analysis,
which follows immediately from the following:

Proposition 7.1. For every d,|%| € Nt there exists 3 = 3(d, |2|) > 0 such, that for every
a € NT and every constraint graph G over a (d,1/2)-expander graph G,

S(") > B v/a - min {5(G), 1/a}

To prove this, we will reconstruct an assignment to G from an assignment to G%, in a way
which preserves soundness — so that the lower bound on the soundness of G assignments
will apply to their originating G assignments.

Let & : V(G)— X% be an assignment to G%. Our reconstructed assignment o : V(G)— ¥
is the assignment in which o(v) is the majority value of &(u), taken over all paths of length-
%a starting at v (and ending at u). Note that u’s are counted once for every length-%a path
from them to v, that is, o is not a majority vote over vertices but over ends of paths (and
some vertices may have more paths ending at them than others).

Now, we know there exists a set of edges with constraints that o violates of size > s(G) -
|E(G)|. Let FF C E(G) be a subset of these edges such that |F| = min {s(G), 1/a} - |E(G)|.
To relate this set of edges to the constraints violated by &, we will analyze the probability
of an edge of G* not satisfying a constraint, by examining a ‘middle’ edge in a random walk
in G, of length a.

We say the length-a path e = (ug, ..., u,) ‘hits’ F' at the i’th position if (u;—1,u;) € F and
d(uo)y,, , = o(ui—1) and &(uq),,, = o(u;).

We consider, with foresight, only the ‘middle’ of the path:

I=N"n[S-VaZ+va

and letting
N(e) = |{i € I'| e hits F at the ¢’th position}|

we observe that our proof can be completed by demonstrating that

P:ar[N(e)>0]Zﬂ-\/a-lg:
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due to our observations regarding }%' above. To prove this characterization of N(e), we will

avail ourselves of the following lemmata regarding its first and second moments:

Lemma 7.2 (First moment). There exists 31 > 0 such that

BX(N(e)] > 1 Va1

Lemma 7.3 (Second moment). There exists B2 > 0 such that

F

Ex[N? < (o - . L

eX[ (e)] S ,82 \/5 ’E|

The first lemma will be proven using the existence of self-loops in G; For proof of the second
lemma we will use G’s expansion property.

These two lemmata will be applied using the following observation

Observation 7.4. If X is a non-negative random variable, then

(Ex[X])*
Pr(X > 0] > “Ex(X2]

Proof.

2 2

Ex[X?] - <Ex[X]) = Var[X] = Ex[(X - Ex[X]) ] > Pr[X = 0] - (EX[X])2

divide both hands by Ex [X?]:

(Ex[X]))*
1l———=—2>Pr X =
Ex[x2 = FrX =0
Noticing Pr[X > 0] =1 — Pr[X = 0] yields the desired result. O

Proof of Proposition 7.1. We apply the above observation to X = N(e), using the bounds
from Lemma 7.3 and Lemma 7.3 for the first and second moments respectively:

(Ex[X])® _ 6} . (|F] 1
I;r[N(e)>O] zEX[XQ]ZBQ'\/&'mm{’m’a}

It now remains to prove our two moment bound lemmata.

Proof of Lemma 7.2. Let N;(e) be the indicator variable for (v;_1,v;) hitting F'. By linear-
ity of expectation,

Ex[N(e)] = 3 Ex[Ni(e)]
el
Now let us consider an alternative view of the distribution of our random walk: Suppose
we first choose the i'th edge e = (u,v), uniformly, then choose a random head-segment
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and tail-segment of the path, uniformly among the paths ending at u and beginning at v,
respectively, of lengths ¢ — 1 and a — i respectively. This indeed yields the same distribution
of random walks as when starting out with the first edge, because G is d regular. A crucial
observation is that the head and tail of the path are independent of each other.

We note that if i = a/2 4+ 1, the head segment and the tail segment are random paths of
length a/2 from w and from v respectively. Each of them ends in a vertex u’ (resp. v’) colored
in the majority-vote color, with probability at least 1/|%|. When both these (independent)
events occur, we conclude w is colored in o(u) and v in o(v). Thus if (u,v) € F, with

probability at least 1 / 222, the edge e will ‘hit’ F' with our random walk:

[Fl 1

Bx|N3| = Prle bits F] = Prfe € FLPr[5(c), =o(w) A 5(), = ole)le € F] 2 (o

We would like to make a similar argument regarding IN; for all other edges with ¢ € I, which
would multiply this expectation by O (y/a) as required. Unfortunately, the head and tail
path lengths from the other edges are only close to a/2, not equal. We must thus show that
the probability of having &(u’), = o(u) and &(v'), = o(v) is high enough even under these
conditions.

In general graphs, what happens at distance a/2 from a vertex may be quite different than
what happens at distance, say a/2—1 (think: bipartite graphs); fortunately for us, though, G
has at least one self-loop at each vertex, so many of the possible length-a paths from a vertex
correspond to shorter paths from the vertex with fewer self-loops, and the typical ‘effective’
distance (i.e. distance without counting self-loops) of a length a walk is ~ (1—1/d)-a=++/a.
We can utilize this fact to relate the opinions of G neighbors of the i = /2 edge with that
of G neighbors of a different edge in I:

Fixie I. Let X, = &(u'),,, where u is at the end of a length-¢ random walk from u; Mark
one self loop on each vertex of G (there might be several) and let X/ , be a similar variable
except that the random walk does is only over non-marked edges. When a random walk is
at some vertex, it uses the marked edge with probability 1/d, and non-marked edges with
probability p = 1 — 1/d; we thus have:

l
Pr(X,,=s] =Y Pr[By, =k -Pr[X]; = s]
k=0

where By, is a binomial distribution with £ Bernoulli trials of success probability p.
The binomial distribution satisfies the following:

Fact 7.5. For every 0 < p < 1 and ¢ > 0 there exists 0 < 7 < 1 such that if [¢; — fo| < /201,
then for every k satisfying |k — pf1| < c¢- V71,

< Pr[By, , = k] < 1

“PrBy,=k "1
(one can verify this is true by examining the binomial distribution function and bounding
it from both sides). So when our /5 is close enough to ¢1, the binomial distributions are not
very far apart; and, indeed, due to the law of large numbers, for every € > 0 there exists
¢ > 0 such that Pr[By, ¢ p- £+ ¢\/a] < e. We will use such a ¢ for ¢ = 1/2|X].
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We can now continue the earlier evaluation, setting ¢; = a/2 and ¢ = i to obtain

Pr(X,; =o(u)] =Y Pr[Bi, =k - Pr[X,, = o(u)]
k<i
> Pr[Bi, =k Pr[X], =o(u)]

ké[%—c a,i]

v

> 7 Y Pr [B%,p - k} Pr[X, = o(u)]
ke[%—c a,i]
, 1
>T ZPI‘[B%#,:k}-PI‘[ U,k:O—(u)]_ﬁ
k<2
T T T T

= P [X a = i|—7 _— — = ——
TP Xug =0l o 2 5 T as T s

The first inequality follows because we take a partial sum. The second inequality uses Fact
7.5. The third inequality uses our choice of ¢ such that Pr B2, ¢ p-a/2 £ ¢y/a] < 1/2|3).
The very last inequality follows because Pr[X,, .o = o(u)] > 1/|%|. Thus,
|| \Fl 7
Ex|N;| > — -Pr[X,; = >
X[ ’l] = ’E‘ I‘[ u,t O'(”U,)] = ‘E| 2‘E|
and recalling |I| = Q(y/a) gives,

F|

Bx(N] = S Bx(Ny > |1 £ T E|

Fl T spva
] 25

O

Proof of Lemma 7.53. The general argument for this proof is that due to the graph’s ex-
pansion properties, edges on the random walk which are sufficiently far apart can’t be too
well-correlated with respect to hitting a relatively small set of ‘bad’ edges.

For e = (ug,...,us) Let Z(e) = |{i € I : (uj—1,u;) € F}| be the number of ‘bad’ edges
around the ‘middle’ of the walk. By definition, N(e) < Z(e), So it suffices to show a
bound on (Z(e))?. Let Z; be the indicator variable for the event (u;_1,u;) € F; we have
Z =73 i1 Zi. Now,

Ex[7°] = > Ex[Z;7;] = > Ex[Z}] +2 > Ex[2:2;] = > Ex[Z] + 2 > Ex[Z;Z}]
1,j€1 A 1<j % 1<J

The last equality follows because Z; is {0, 1}-valued. What is Ex.[Z;Z;]? Well,

e

The first multiplicand is |F|/|E|. The second multiplicand is the probability that the j—i’'th
edge of a random walk starting in an edge of F is in F' (to see why, construct the walk
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again as the ith edge as a random edge, then add a head and a tail); at this point we can
use the graph’s expansion property:

F
Pr(Z;=1|Z;=1] < ;E=+2 -9

SO
\F| (|F] (j—i)
Ex|Z;Z;] = Pr[Z; = PZ—lZ = 27
eX[ J] er[ ] [ ’ ] |E’ ’E‘ +
and substituting this into the equation for Exe [ZQ] we get:
7% =Y Ex[Z]+2) Ex[Z;Z]]
;. i<y ©
Al A )
<[] U
|E]| IE!Z N
F] 1 (1F] IFI
w7 2e)\E) TE?

|F| 1] IF[\? IFI i
g 2e) Ua) fEer

el
(since |F|/|E| = O(1/y/a) by our assumptions regarding F')

|

F IN |F F .
<|I|- |‘+2<| |> u—+u|1122—ﬂ
j=1

|E| 2) |Ela |E|
< F 1]
< 5] <u|+0 <f> +|I|>
(since |I]| < 24/a)
Vo
=170

Note we have had to make a ‘sacrifice’ in this last argument: We had to rely on F' being
small enough to counteract the squaring of |I|. O
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Technion From error-correcting codes to hardness of December
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Lecture 8: Quasi-linear PCPs I: Reed-Solomon codes

Lecturer: Eli Ben-Sasson Scribe: Anat Paskin

Over the course of the next several lectures, we will follow the proof the “short PCPs” part
of Theorem 1.7:

length = f(n) - polylog(f(n))
randomness = log(length) + O (1)
query = 0(1)

NTIME (f(n)) € PCP| = f(n) - polylog(f(n))
completeness = 1
soundness = 1

The proof will follow the one appearing in [11]. Its mainstay is the following result:

Theorem 8.1.
length = f(n) - polylog(f(n))
randomness = log(length) + O (1)
query =01
NTIME (f(n)) C PCP fime — poly(f(n))
completeness = 1
soundness = 1/polylog(n)

We will leave the exact derivation of the “short PCPs” result from Theorem 8.1 to a later
lecture, but for the sake of satisfying our curiosity: the Theorem 8.1 verifier will be trans-
formed into an O (1)-query verifier, paying with reduced soundness; we’ll then apply Dinur’s
Theorem 4.4 to get the soundness back up.

Overview of proof of Theorem 8.1 Our construction will resemble the proof of the
Hadamard based, exponential length PCP (Theorem 2.1), with some significant modifica-
tions. As in the proof of Theorem 2.1, the construction used in our proof is based on the
ability to test if a ‘received’ (and possibly corrupted) word is close to a word of a ‘nice’ code.
In the case of Hadamard codes, testing proximity is possible with three queries, as implied
by the local testability of the code (Theorem 2.9). In contrast, our next construction is
based on the well-known family of Reed-Solomon codes, which are not locally testable with
constant query complexity, by a long shot. However, all we really need (even for proving
Theorem 2.1) is some query-efficient method for testing proximity to the code. For this
purpose, the concept of a PCP of proximity (Definition 5.11) is well-suited. The main
technical part of the proof of Theorem 8.1 (to be expanded upon in this and next lecture)
is a short PCP of proximity for the special family of Reed-Solomon codes, defined below.
Later on we will reduce the task of checking whether x € L to a constant number (three)
of Reed-Solomon proximity tests.



8.1 Reed-Solomon Codes

As said above, our short PCPs are based on a well-known family of codes, that is also
heavily used in practice.

Definition 8.2 (Reed-Solomon codes). Let F' be a finite field. The code RS(F, S, k) is the
[n,k +1,n — k] .--LECC code given by the map (ao,...,ar) — (35 o(a;z?))zes (for some
ordering of S).

Abusing notation, we will view RS(F, S, k) as the image of the code, that is
RS(F,S,k) ={p : S— F'| pis an evaluation of a degree k polynomial over F'}

We will be interested in testing proximity to Reed-Solomon codes, via PCPs of proximity
(PCPPs). For this purpose, we formally define the pair-language corresponding to RS-codes
that will be tested by our PCPP-verifier.

Definition 8.3 (PAIR-RS). PAIR-RS is a pair language of words of the form {((F, S, k),p)}.
The explicit input is a triple (F, S, k) where F' is a description of a finite fields (e.g, via an
irreducible polynomial), S C F, k € N*. The implicit input is a function p : S— F. A
pair ((F,S,k),p) belong to PAIR-RS iff (F,S, k) is a description of a valid RS-code, and
p € RS(F, S, k).

We will construct short PCPPs for RS-codes over certain ‘nice’ fields, and these codes will
be sufficient for proving Theorem 8.1. We denote the characteristic of a field F' by char(F').
Let Fye be a field of characteristic 2. Recall Fye may be viewed as a linear space of dimension
¢ over Fo. We will restrict our view only to the following sub-language of PAIR-RS.

Definition 8.4.

char(F) =2
PAIR-BINARY-RS =< ((F, S, k),p) € PAIR-RS : ,
S C F is a linear subspace

Our main technical result (the analog of Theorem 2.9) states the following.

Theorem 8.5. Denoting n = |S| 4,

length = n - polylog(n)

randomness = log(length) + O (1)
Palr-BiNARY-RS € PCPP| 'Y B Oo((ll))

time =n

completeness = 1

soundness = d/polylog(n)

“Note that the explicit input size is o(n)
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8.2 Bivariate low degree testing

To test that p € RS(F, S, k), we need to verify that p is a polynomial of degree < k. A
natural test consists of querying p on k+1 points, interpolating the degree k polynomial that
passes through these points and then querying one more point and testing it with respect
to the interpolated polynomial. Rubinfeld and Sudan [43] showed that this is indeed a good
tester for the Reed-Solomon codes. However, notice the query complexity is as large as the
degree of the polynomial, and in our PCP applications (say, for the language CIRCUIT-SAT)
the degree will be even larger than the size of the input (circuit), so we clearly need the query
complexity to be smaller than the degree. However, we can’t hope to do any better than the
Rubinfeld-Sudan test if we only query p and insist on perfect completeness’, because through
every k + 1 points there passes polynomial of degree < k. Therefor, unlike in Theorem 2.9,
we will need additional information, that will be stored in the proof of proximity 7 for p
(recall that a PCPP verifier accepts an oracle to a pair y, 7, where y is the implicit input,
and 7 is an auxiliary proof for it). The idea is to represent p as a bivariate polynomial.
This strategy is motivated by nice local testability properties of bivariate polynomials that
we now discuss. Later on, we will show how to connect the univariate polynomial p to some
low-degree bivariate representation of it. First, some notation.

E.R.: We don’t need to define what bivariate polynomials are, this isn’t a first-
year algebra course.

Definition 8.6. An m-variate polynomial over a ring R is a formal sum of the form

Q@) =) |a;][ @)% 7eN" a;eR

7 J

and

deg(Q) = max Zij az#0
J

deg (Q) = max Z ij oz #0

L L ST
are its overall degree and its degree in some specific subset of the variables.

Multivariate polynomials (specifically, bivariate ones) are instrumental in the definition
following family of error correcting codes, which constitute a generalization of the Reed-
Solomon codes.

Definition 8.7 (Bivariate Reed-Muller Codes). Let X,Y C F,|X| =n,|Y| =m, d;,d, €
N*. The bivariate Reed-Muller code RM (F, X,Y,d,,d,) is given by a map

(aij)o<i<d0<i<d, = (Qa(Z,Y))zexyey,

where Q. (z,y) = Zi,jai’jx"yj

°In the case of for linear codes such as Reed-Solomon, non-perfect completeness implies perfect complete-
ness, so query complexity can’t be reduced in this more general case either.
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It is fairly well-known (and not too hard to prove) that
Observation 8.8. RM(F,X,Y,dy,dy) isa [n-m,(d; +1)(dy, + 1), (n — d)(m — d,)]-LECC.

For example, for n = m,d, = d, =n/4 — 1, we get a [n2,n2/16, ~ %nﬂ—LECC.

Consider the task of testing proximity to the RM-code. We have oracle access to a bi-
variate function f : X x Y — F and wish to minimize our queries into f, accept if
feRM(F,X,Y,dy,dy,) and reject if f is far from this code.

Bivariate polynomials have a natural query-efficient test associated with them.

Definition 8.9 (RM Tester). For F, X,Y,d,,d, as in Definition 8.7, bivariate function
f: X xY — Fandxg € X,yg €Y, define the following sub-tests.

e zp-column sub-test: Accept iff f|,—;, € RS(F,Y,dy), where f|,—z, is the restric-
tion of f to inputs {(zg,y):y € Y}.

e yo-row sub-test: Accept iff f,—,, € RS(F, X,d,), where f|,—, is the restriction of
f to inputs {(z,y0) : x € X }.

The non-adaptiveRM-tester is defined as follows. On input (F, X,Y,d,,d,), oracle access
to f: X xY — F and randomness R € {0, 1}*, the tester performs with probability half a
uniformly random zg-column sub-test and with probability half a uniformly random yg-row
sub-test. Let T};M [F, X,Y,d;,dy; R] denote the output of this tester.

It is not hard to see that f is an RM-codeword iff the RM-tester accepts f with probability
one. But things get even better. It turns out that if f is far from the RM-code, then a
random row/column will also be far from the relevant RS-code. This seemingly self-evident
claim is actually non-trivial at all (for a proof see [39]) and will be crucial in our construction.
To formally state our main claim about the testability of bivariate RM-codes, we general-
ize the notion of local testability of codes, and claim that RM codes are locally testable
according to this stronger notion.

Definition 8.10 (robust-LTC). A (¢(n),r(n), q(n), s(d,n))-restricted, non-adaptivetester,
is a PPT T with oracle access to a purported codeword w € F', such that on input 1"
(where n = |w|), T tosses r(n) coins, and outputs a set of indices I C [n|? and a truth
table S C F?. (I is the set of indices of queries and S is the set of views that are to
be accepted by the verifier). Let I(n,R),S(n,R) denote the output of 7" on input 1"
and randomness R, and let w|r(, gy denote the restriction of w to the index set I. For
a soundness function s : [0,1] x NT — [0,1], a family of [n, k, d]-ECC-codes is called an
(t(n),r(n),q(n),s(6,n))-rLTC, if there exists a (t(n),r(n),q(n),s(d,n))-restricted verifier
with the following properties:

e Completeness: If w € C, then Prg [w|1(n7R) € S(n, R)] =1.
e Robust Soundness: Vn,w € F" [EXR [A*(w]1(n,R), S(n, R))] > s(A*(w,Img(C)),n)|.

To get an intuitive feeling for the previous definition, think of the RM-tester from Defini-
tion 8.9. In this case I is either the zo-column or the yo-row, and S is either RS(F,Y,d,)
(in the column case) or RS(F, X, d,) (in the row case).
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One difference between the above definition and the standard one (Definition 2.8) is that
the tester here is non-adaptive. This difference however is not very significant, since all
LTC’s we’ve seen so far are linear codes, and without loss of generality, every tester for a
linear code is non-adaptive. The significant difference is in the soundness notion used. Note
that the soundness of Definition 2.8 is similar to that of the robust soundness above, but
for the distance measure we use. In particular, the standard (non-robust) soundness uses
(on the left hand side) the discrete distance measure A" defined by

1 welS

A%(w,S) = .
0 otherwise

The main technical result we use is a fundamental Theorem by Polischuk and Speilman [39]

on local testability of bivariate RM codes. (Its proof relies on algebraic techniques beyond

the scope of this course, hence omitted.)

Theorem 8.11 (The bivariate RM-code is a robust-LTC [39]). Let X,Y C F with |X| = n,
Y| = m, and let d, < n/4,dy < m/8. The Reed-Muller code RM(F,X,Y,d,,d,) is an
(poly(n + m), [ log(max {n,m}) |, max{n,m},a - 0)-rLTC for some global constant o (in-
dependent of X,Y,d,,d,). Furthermore, these parameters are achieved specifically by the
RM-tester of Definition 8.9.

The robust soundness of the RM-tester guarantees that when f is far from the RM-code,
not only does a random test reject, rather the distance of a random row/column is far
from being a RS-codeword (i.e. a low-degree univariate polynomial). As we will later
see, this more ‘robust’ soundness property will allow us reduce query complexity. This is
because we can now apply recursion. Indeed, suppose we could somehow view the univariate
function p : S — F of supposed degree k as a bivariate polynomial f : X x Y — F for
|X1],]Y| ~ +/]S] of supposed degree vk in both variables (we shall do something like this
later on). Then, to test that p is close to a low-degree polynomial, we only need to test
that f restricted to a random row/column is close to a small degree univariate polynomial
over a smaller domain. For this purpose we can apply recursion and use a PCPP with even
smaller query complexity. Our next step is to show how to associate a bivariate polynomial
with our univariate one.

8.3 From univariate to bivariate polynomials

For simplicity, consider testing proximity to RS(F, S,k = |S|/2) and denote |S| = n. The-
orem 8.11 suggests that it could be nice to represent our univariate polynomial over S by
a bivariate polynomial @ over a domain X x Y, where | X]|, |Y| are small (ideally of size
~ /n), and the degree of @ in both variables is~ /n. In this case we query a random
row/column of X XY, reducing the query complexity to ~ V'k. To achieve (approximately)
this, we start from the following observation.

Claim 12. For every pair of univariate polynomials P(z),q(z) € F|z], there exists a unique
bivariate polynomial Q(z,y) € Flz,y], such that

e deg,(Q) < deg(q), deg,(Q) = [ deg(P)/deg(q) |.

8-5



o P(z) = Qzq(2)).

Proof Sketch. @Q is obtained by dividing P(z) by y — ¢(z) via a polynomial division proce-
dure for multivariate polynomials (see [16] for a more formal discussion). Such a division
represents P(z) as

P(2) = QUe)(y ~ 4(:)) + QLawy). den(@) < degla). dog(@) = [degw)/deg(q)J.

The claim follows by letting y = ¢(z), canceling the first term.

The previous claim shows us a way of viewing a univariate polynomial as a bivariate one,
evaluated on a carefully chosen subset of points. Indeed, letting

Z =245 =1{(24(2)) | z € 5} (7)

the previous claim says that the evaluation of P(z) on z € S, is the same as the evaluation
of Q(z,y) on (x,y) € Z.

Every polynomial ¢ induces a unique subset Z, ¢ C S x F. We will use a carefully selected
‘low degree’ polynomial ¢(z) and a carefully selected evaluation set S, such that the induced
table Z, g is very ‘nicely structured’. From now on fix F' = Fy.. Recall Fy is a (-dimensional
linear space over Fy. The set S will be a linear subspace of F. The polynomial ¢(z) will
be of degree =~ y/n, and will correspond naturally to a linear transformation over Fy. More
to the point, the mapping ¢ : F— F will be a Fy-linear map and its kernel (i.e. its set
of roots) will be a linear space of size \/@ . As will be argued next lecture, in this case,
the set of points Z, ¢ has a very nice structure, as implied (straightforwardly) from the
linear properties of ¢ and S. Indeed, Z, s is the disjoint union of \/@ ‘rows’ of the form
A x {q(B)} where A is an affine space of size \/[S] and j3 is an element of S. Moreover,
q(S) = {q(B3) : B € S} is a linear space of size 1/]9)].

This structure of Z,; g suggests a ‘proof-oracle’ for the RS-codeword p : S— F corresponding
to the low degree polynomial P(z). We ask the prover to write down an evaluation of the
polynomial Q(x,y) corresponding to P (via Claim 12) on the set of points ge{)g % q(.5).
Notice |ger)g % q(S)| = |S], i.e. the ‘proof’ is short (relative to the length of the codeword).
We can test that the ‘proof’ is close to an evaluation of a bivariate polynomial, using
Theorem 8.11. Notice this reduces our query complexity to \/W which is significantly
smaller than deg(P) which we chose to be |S|/2.

But the query complexity can be reduced even further. Every row/column in the set
ker{)q % q(S) is itself a linear subspace of F (of size /|S]) so we have reduced our problem
to a similar problem of smaller size. Now, the robustness of the bivariate Reed-Muller
code (given by Theorem 8.11) allows us to apply recursion and further reduce the query
complexity. Finally, we have to make verify the ‘proof’ is consistent with p. We will argue
that this reduces once again to testing proximity to RS-codes of size close to \/@ evaluated
over linear subspaces of F'. Details will be given in the next lecture.
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Lecture 9: Quasi-linear PCPs II: PCPPs for Reed-Solomon codes

Lecturer: Eli Ben-Sasson Scribe: Dan Buam and Eli Ben-Sasson

In this lecture we provide a formal proof of Theorem 8.5, showing a PCPP verifier for Reed-
Solomon Codes. Next lecture we shall use this verifier to prove the short PCP Theorem 8.1.
We will formally prove our result only for the following sub-class of PAIR-BINARY-RS, in
which the degree is an exact fraction of the size of the evaluation set. Formally, let

PAIR—BINARY-RSé - {((F, S, k),p) € PAIR-BINARY-RS : k = "g’ — 1}

As seen in H.W 3 question 1, the existence of PCPP-verifiers for this specific degree implies
PCPPs for any degree. Thus, to obtain Theorem 8.5 it suffices to prove the following
Theorem, which will be the focus of this lecture.

Theorem 9.1. Let n = |S|, then

length = n - poly(log(n))
randomness = log(length) + O (1)
query =0(1)
PAIR—BINARY—RS% c PCPP time — 00
completeness = 1
5
soundness = SoTy(logn))

Recall our strategy as outlined in the previous lecture. We associate with the supposed
univariate polynomial p : S — F a bivariate polynomial of degree ~ vk, via Claim 12.
This allows us to view p as an evaluation of a bivariate polynomial on the set of points
Zys ={(2,q(2)) : z € S}. Our proof oracle will be an evaluation of this bivariate polynomial
on a special set of points. The set of evaluation points crucially depends on the structure
of Z4 5), which in turn depends on the polynomial ¢(z) which we use to ‘divide’ p by (see
Claim 12). We now describe the carefully chosen polynomial g.

9.1 Linearized Polynomials

We introduce the notion of a linearized polynomial over an extension field. For more infor-
mation on these polynomials (that have been well investigated in the theory of finite fields)
see [33, Chapter 3, Section 4].

Definition 9.2 (linearized polynomial). Let F' be an extension of a field K. A polynomial
p € F[z] is called linearized over K if Vo, f € K and Vz,y € F : p(az+Ly) = ap(x)+Bp(y).

In the case that will interest us, of F' = Fyi, K = 2, we conclude p is linearized iff p(x+y) =
p(x) +p(y) for all z,y € F. Furthermore, it turns out that p is linearized iff p(z) = Y, a;z*
(we omit the proof of this claim). We will be using linearized polynomials of a special kind.
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Definition 9.3 (sub-space polynomials). Let S be a Fa-linear subspace of For. The sub-
space polynomial corresponding to S is,

gs(z) & [[ (@ —a)

a€esS
Later in our proof, we will need the following nice properties of sub-space polynomials.

Claim 4. let S be a Fa-linear sub-space of Foi. Let S be the direct sum of linear sub-space
So,S1 (denoted S = Sy @& S1). Let q(x) = qs,(x) be the sub-space polynomial corresponding
to Sy. Then,

o q(z) is linearized.
o xel)g = So, where ge{)g={a € F: q(a) = 0}.
q(S) = q(S1), where q(S) = {q(a) : « € S} (and q(S1) is analogously defined).

q:S —TFisalSy to1 mapping from S to F.

For each 8 € S1, the affine subspace Sy + = {a+ B :a € Sy} is mapped to q(3).
Formally, q(So + ) = {q(B)}

Proof. We will only prove the first bullet, as the rest follow from the fact that ¢ is a linear
transformation. The proof is by induction on dim Sy.

e dimSy = 0: In this case, So = {0}. Therefore ¢q(z) = x is clearly a linearized
polynomial (in fact, it is even a linear polynomial).

e dim Sy > 0: Write Sy = span(S’, «) for some S’ of dimension dim Sy — 1. Let ¢*(x) =
gs' () be linearized (by the inductive hypothesis). The crucial observation is
asy(z) = ¢"(2) - ¢"(z — a).
To see this, notice § € Sy iff either 5 € S’ or (8 — «) € S’. Using this equality we

obtain:

qz+y) = ¢@+y)-¢@+ty—a)
= ¢"(2) ("(z+a)+q¢" () + ") - (" (y + @) + ¢"(v))
= q(z) +q(y) +2¢"(x) - ¢"(y)
) +q

= q(z) +4q(y)

The first equality uses the assumption that ¢* is linearized and the last equality follows
from char(F') = 2.

O]
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9.2 The PCPP oracle for the Reed-Solomon code

We are ready to describe the proof oracle for a purported codeword. Recall our implicit
input is a function p : S — F, and we wish to test if this function is close to being a
polynomial of degree < [S|/8. For simplicity of analysis assume dim S is even (the proof
also works when dim S is odd, but this is slightly messier). Let by ...,b; be a basis for
S, where k is even. Let Sy = span(bl,...,bk/Q),Sl = Span(bk/2+1,...,bk) and notice
dim Sp,dim S; = dim S/2. Set ¢(z) = ¢g,(2). From now on we view p as a bi-variate
function p : Z, ¢ — F and look at the structure of Zg,. Claim 4 implies that projecting
the set Z, g onto its second coordinate (i.e. taking the set {y : 32 € S, ¢(2) = y}) gives the
set ¢(S1) which is a linear space of dimension dim.S; = dim S/2. Furthermore, Z, g is the
disjoint union of \/|S| ‘rows’, where each row is of the form (S + 3) x {¢(3)} and 8 € S;.

Definition 9.5 (RS-proof oracle). The proof oracle for testing proximity to RS(F, S, |S|/8—
1) is defined recursively as follows.

e |S| < 64: The proof oracle is the empty string.
e |S| > 64: Let S = span <b1, ceey b5+3>. The proof oracle is the concatenation of:
2

1. One bi-variate function f: 7T — F', where

T = U span (S, 8) x {q(3)}.

BeST

2. For each zg € S|, a proof of f’s proximity to the code RS(F, ¢(S1), |q(S1)]/8—1).

3. For each yy € ¢(S1) with yo = ¢q(), a proof of f’s proximity to the code
RS(F, span(Sy, 8), |S5|/8 — 1).

To gain intuition, we point out that f is intended to be the evaluation of the bivariate
polynomial Q(z,y) from Claim 12 on the set of points 7. Let us examine the structure
of T'. Notice Claim 4 implies Z, g C 1. Moreover, a constant fraction of the points on
each row of T is in Z; g. Namely, the row span(S{, 5) x {¢(8)} includes the set of points
(So+ B) x {q(B)} C Z;s. Thus, we can define the function fop : T — F to be equal
to p wherever p is defined and equal to f on all other points. (Here we’re viewing p as a
bivariate function whose domain Z, g is a subset of the domain of f). Finally, the set T'
includes a subset of the form S x ¢(S1) that is suitable for applying the robust tester of
Theorem 8.11, provided the degree of @) is small enough with respect to |S(|, |¢(S1)|. Let
us examine the degree of @) and verify it is indeed small enough.

9.2.1 The Reed-Solomon PCPP Verifier

Since deg(p) is supposed to be |S|/8 — 1 and deg(q) = +/|S], Claim 12 implies deg, (Q)
is supposed to be |¢(S1)|/8 — 1. Similarly, Claim 12 implies deg,(Q) is supposed to be
less than deg(q) = /|S] = |S}|/8. We conclude the degree in both x and y is sufficiently
small with respect to |Sj|,|¢(S1)| to apply Theorem 8.11. Furthermore, the RM-tester of
Definition 8.9 needs to test proximity to RS-codes over linear spaces, where the degree is
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one eighth the size of the linear space, i.e. we have reduced our original problem (testing
proximity of p) to a similar problem of size square root the original one. With this intuition
in mind we define the RS-verifier.

Definition 9.6 (RS verifier). The verifier for RS(F, S, |S|/8 — 1) is defined recursively as
follows.

e |S| < 64: Verifier queries all entries of p and accepts iff p € RS(F, S, |S|/8 — 1).

e |S| > 64: Verifier performs one of the following sub-tests with probability one half
each.

— Column test: Select zp € S uniformly, at random. Invoke the verifier for
RS(F,q(51),]q(S1)|/8 — 1) on implicit input f|y—s, and the xp-column proof
oracle.

— Row test: Select 5 € S; uniformly at random and let yo = ¢(3). Invoke verifier
for RS(F,span(S), 5),[55/8 — 1) on implicit input (f o p)|y=y, and the yo-row
proof oracle.

9.2.2 Analysis of the verifier

We conclude this lecture with a brief analysis of the main parameters of the proof oracle
and verifier. As usual, soundness is the hardest part. We only sketch this part and refer
the reader to [11] for a complete proof.

Proof length Examining Definition 9.5 we notice the proof oracle for a length n code is
comprised of the function f whose size is O (n) and O (1/n) sub-proofs for codewords of size

/O (n) each. Thus,
{(n) =0 (n)+ 0O (Vvn) - O (y/n)) <n-poly <log(n)>.
Query complexity is constant, by construction.

Running time can be verified to be polynomial, by inspection.

Perfect Completeness is implied by Claim 12. Indeed, if p € RS(F, S, |S|/8 — 1) then
f can be chosen to be an evaluation of a polynomial of xz-degree |Sj|/8 — 1 and y-degree
|g(S1)|/8 — 1. The restriction of fop to rows and columns gives RS-codewords of the above-
mentioned degrees. By induction, for each row/column there exists a proof that causes the
relevant row/column sub-test to accept with probability one.

Soundness We argue informally. If p is far from being a low degree polynomial, there
are two cases.
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e If f is far from being an evaluation of a low-degree bi-variate polynomial, then Theo-
rem 8.11 implies the expected distance of a random row /column of f from the relevant
RS-code (of smaller size) is large. By induction, the expected rejection probability of
the sub-verifiers is large.

o If f is close to an evaluation of a low degree bi-variate polynomial, this polynomial
corresponds to a univariate, low-degree, polynomial p, via Claim 12. Since p is far
from every low degree polynomial, it is also far from p. This means that when we look
at random rows of fop, the entries coming from p (i.e. the value on points from Z, s)
will be inconsistent with the other entries on the row. In other words, a random row
will also be far from a low-degree, univariate polynomial of size ~ \/@ . Applying
induction once again implies the expected rejection probability of a random row-test
will be large.

This completes our sketch of the short PCPP for PAIR-BINARY-RS and the proof of Theo-
rem 8.5. Next lecture we will use this Theorem to conclude the proof of Theorem 8.1.
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Last week, we completed the proof of Theorem 8.5, stating that proximity to Reed-Solomon
codes of block-length n over fields of characteristic two, can be verified using proofs of length
@(n) with constant query complexity and. The proofs have perfect completeness and
regarding soundness, a received word that is §-far from the code is rejected with probability
at least d/polylog(n). Now we will use this result to prove Theorem 8.1, stating every
language in NTIME (f(n)) can be verified using proofs of length O (f(n)), with soundness
1/polylog(f(n)). From here, Dinur’s result can be used to boost the soundness to half,
yielding the “Short PCP” part of Theorem 1.7. To prove Theorem 8.1 we reduce L €
NTIME (f(n)) to a pair of Reed-Solomon proximity testing problems. Moreover, if z is
an instance of L of length n, the pair of Reed-Solomon codes to which we need to measure
proximity are of block-length O (f(n)).

10.1 A Reed-Solomon-friendly class-complete problem

Idea: We will reduce arbitrary languages to an algebraic constraint satisfaction problem.
A satisfying assignment for the problem will be a low-degree univariate polynomial. Recall
we have done something similar in the proof of Theorem 2.1 using Hadamard codes: In that
case, the problem had been AFFINE-QCSP (Definition 3.8), satisfied by a suitable pair
of Hadamard codewords. In our case we will replace it with the following problem, called
Univariate Algebraic Constraint Satisfaction Problem (UACSP for short) that is suitable
for Reed-Solomon codes.

Definition 10.1 (UACSP). Let k,d € N. An instance of the language UACSPy, 4 is a
tuple ¢ = (F, (L1, ..., L), H,C), satisfying

e [ is a finite field.

e Each L; : F— F is a linear transform of the form L;(x) = a; - © + b; with constants
a;,b; € F.

e [ is a subset of F.

e C € Flz,y1,...,y satisfies deg,(C) < |H| and deg,, , (C) < d (recall the degree
definitions in 8.6).

The size of the instance, denoted |¢|, is the length of a reasonable encoding of this tuple
(i.e. non-unary). An assignment to ¢ is a polynomial A € FIH|[z]. We also define

By(z) = C(z, A(L1(x)), ..., A(Lk(x)))
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The language UACSPy, 4 is defined as
UACSPy 4 = {d) ’ JA ¢ F|H‘[3:] [BA(-) vanishes on H} },

Remark. For intuition regarding Definition 10.1, consider an instance of 3-CNF, with n
clauses and n variables, where each clause and each variable is indexed by an element
of a field F. Furthermore, the CNF is “algebraically structured”, namely the j’th clause
depends on the three variables whose indices are L1 (j), L2(j), L3(j). Think of A(7) as giving
the assignment to the i’th variable, and let H = {j € F'| C} is a clause }. The polynomial
C(z,y1,Y2,y3), of degree |H| in z, and constant degree in y1, y2, y3 is defined to be satisfied
on j € H iff the assignment given by yi,y2,ys satisfies the j’th clause. Notice that for
such a polynomial C' and zg € H we have By (zg) = 0 iff A(L1(z0)), A(L2(x0)), A(Ls(x0))
satisfies the xg’th constraint. Thus, B4 vanishes on H iff all constraints are satisfied by the
assignment A.

The next Theorem says that any language in NTIME (f (n)) can be reduced to an instance
of UACSPy, 4 of size O (f(n)). Before proving a weaker, yet simpler version of this Theorem
we will show how it implies Theorem 8.1.

Theorem 10.2. There exist k,d € N such that for any reasonable function f : NT— NT
and L € NTIME (f(n)), we have

poly(f(n))-

time

L reduction UACSPk,d

with the reduction output satisfying the following:
e The set H on which the B polynomial vanishes is of size at most f(n)-polylog(f(n)).

e The field F' over which the constrains are defined has char(F) = 2, and its size is
between 100kd|H| and 200kd|H |.

Remark. The reduction in Theorem 10.2 produces output of length quasi-linear in f(n).

10.2 Short PCPs with poly-logarithmic soundness

We are very close to obtaining our short PCPs; here is the next-to-last step:

Proof of Theorem 8.1. Let L € NTIME (f(n)) and ¢ € ¥* be an instance of L. We first
apply the reduction to UACSP described in Theorem 10.2, to obtain a string ¢. What
must an honest prover do to convince a verifier that ¢ € UACSPy, 47

First, it must provide a satisfying assignment A; the relevant proof-form for such an assign-
ment would be a full evaluation of the polynomial function p4 : F— F and an additional
‘low-degreeness’ proof w4 of the fact that deg(pa) < |H| (a proof of length O (f(n)) — the
one we use for PAIR-BINARY-RS).
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Since the verifier is not reading all of A, it cannot calculate B, so the prover must also
include an evaluation of pg : F— F and a proof wp of its low-degree; to obtain a bound
on this degree, we recall:

deg, (C)<|H| L; are linear
|

deg(A)<|H—1]
—_———

so deg(Ba) < |H| +d(|H| — 1) = O(f(n)), and thus 7p, is also of length O (f(n)).
Finally, the prover must lead the verifier to conclude that Ba|, = 0. At first sight this
seems very hard because to get the value of a degree D polynomial on |H| points either
requires reading its values on H, or performing interpolation, requiring D queries.
However, some basic linear algebra gives a query-efficient way of performing our task. Recall
that, for any polynomial P € F[z] and z¢ € F, P(xo) = 0 iff (x — z¢) divides P. Thus, By
vanishes over H if and only if it is divisible by the product of (z — xg) for all 29 € H. Thus
the verifier may be convinced that B A’ g = 01if it is supplied with the quotient of a division
of B by the polynomial gy (z) = [[,cq (z — h):

Ba
4B, = = 7 1~
4 HheH (v —h)

The prover can provide the verifier with such a polynomial in a similar fashion as it does A:
an evaluation of gg, over F', accompanied by a proof 7, of the low degree of this evaluation.
In fact, having gotten ¢p,, the verifier does not even need to have B, itself, since By =
gB, - 9H, and the verifier can calculate gp, so ¢ is sufficient in the proof to determine the
value of B; this saves the verifier some consistency checking.

In conclusion, a PCP proof for ¢ belong to UACSPy, 4 as a tuple (pa,7a), (pg, 7q), where
pA,Dq : F'— F and w4, m, are PCPP proofs for pa,p, being Reed-Solomon codewords —
polynomials of degree |H|,d(|H| — 1), respectively. A PCP verifier V for deciding whether
¢ € UACSPy, 4 will operate as follows:

e Run the Reed-Solomon verifier for each of the function-proof pairs (pa, m4) and (pg, 74)
w.r.t. the appropriate degree bound.

e Verify the consistency of p, with p4: Randomly choose x¢ € F' and ensure that
C(z0,pa(L1(20)), - - -, pa(Lk(z0))) = Ba(zo) = gu (1) - pg(z0)

e Accept if none of the checks has failed.
Let us analyze the verifier’'s parameter:

e length: This requirement holds, since |F| = O (f(n)) and the Reed-Solomon proofs
are of lengths O (|F|) = O (f(n)).

e randomness: By Theorem 8.5, a single run of the Reed-Solomon verification requires
log(|F| - log(|F|)) + O (1) coin tosses; we re-use the same randomness for our 2 runs.
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e time: The running time is dominated by the running time of the Reed-Solomon veri-
fications: poly(f(n)).

e completeness: The perfect completeness is obvious given our description of what an
honest verifier would provide as a proof for an input ¢ with a satisfying assignment.

e soundness: Assume ¢ ¢ L. Necessarily, ¢ ¢ UACSP, 4 — that is, for every univariate
polynomial A € FIHI=1[z] we have BA’H # 0. Now, if ps or p, are 1/100(kd + 1)-far
from satisfying their degree bound, then one of the Reed-Solomon verifications fail,
with probability at least 1/(100(kd + 1) - polylog(O (f(n))). If pa, p, are close to hav-
ing a low degree, let A, § be the low-degree polynomials to whose evaluation pa, pq
are respectively close. Since B A‘ g Z 0, we have ¢ - gu # By, because otherwise A
would satisfy the unsatisfiable constraint polynomial, contradiction. So with proba-
bility at least 1 —deg(Bj)/|F|—2/100(kd + 1), the consistency check chooses an z¢ on
which B ;(x0) # G(z0) - gu(xo) yet pa(zo) = p;(x0) and pg(xo) = pg(xo). In this case
the consistency test rejects; this probability exceeds % Summing up, the rejection
probability is at least 1/polylog(f(n)).

e query: O (1) queries are necessary for each of the Reed-Solomon verifications, plus
O (1) for each consistency check, i.e. O (1) in total. These queries are over alphabet F
of size O (log(f(n)))). However, since all tests are computed by efficient circuits (of size
polylog(f(n))) we can reduce the alphabet size to constant, at the price of increasing
the proof length by an additive factor of 2randemness . polylog(f(n)) = O (f(n)) and
decreasing soundness by a multiplicative factor of polylog(f(n)) (which still leaves it

at 1/polylog(f(n))).
O

And now, at last, we have reached our destination:

Proof of Theorem 1.7 — “Short PCPs”. Let L € NTIME (f(n)). By Theorem 8.1 we have

length = f(n)~polylog( (n))

randomness = log(length) 0(1)

query = log(f(n)) +0(1)
LePCPl fime = poly(/(n))

completeness = 1

soundness = 1/polylog(f(n))

Using techniques similar to those we had used in Homework assignment 1, Problems 2 and
3, we reduce the number of queries at some cost of reduced soundness (still bounded as
1/polylog(f(n)) though), obtaining

length = f(n) - polylog(f(n))
randomness = log(length) + O (1)
query = 2

LePCP| ime = poly(f(n))
completeness = 1
soundness = 1/polylog(f(n))

for some alphabet ¥ of constant size (independent of n). We now employ Dinur’s gap ampli-
fication method (used to prove Theorem 4.4) O (loglog(f(n)))-many times. Each applica-
tion increases the proof size and soundness by a constant factor and since O (loglog(f(n)))
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applications suffice to reach constant soundness € > 0, the proof length increases only by a
factor of polylog(f(n)), giving:

length = f(n) - polylog(f(n))
randomness = log(length) + O (1)
query = 2

L€ PCPl ime = poly(f(n))
completeness = 1
soundness = ¢>0

Finally, we may employ expander-based amplification methods® to increase this soundness

to % at the cost of making more queries, but without using much more randomness. We

thus reach
length = f(n) - polylog(f(n))
randomness = log(length) + O (1)
query = 0(1)
LePCP time = poly(f(n))
completeness = 1
soundness = 1/2
(the number of queries is in fact O (log(1/¢))). O

10.3 On the completeness of UACSP

What remains to be done is describe a reduction proving Theorem 10.2; we will describe
here rather, a simpler reduction, which incurs a quasi-quadratic (not quasi-linear) blowup of
the input, but admits a simple proof of validity. For proof of the full-strength Theorem 10.2
consult [11].

Theorem 10.3 (Theorem 10.2, weakened). Theorem 10.2 stands with k =5 and (univer-
sally fized) integer d but with H only guaranteed to satisfy |H| < O (f(n)z)

We will prove Theorem 10.3 by reducing the following well-known language to it (see also
(See also [37, Proof of Theorem 8.2]).

Definition 10.4. Let X be a finite alphabet. Considering sets of constraints of the form
C={Ci; : ' {accept, reject} | 4,7 € [f(n)]}

and assignments A : [f(n)]*— %, we define

DOMINO(n) = {(171,(:) ‘ 34 Vi [cj(Aé(ijl);;‘(;é_j 2’1)) - accept”}

Theorem 10.5. [15] The Language DOMINO is NTIME (f(n))-complete for reductions
using O (log(f(n))) space with quadratic blowup.

5For a survey of randomness efficient sampling techniques see [25]
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Proof. Apply the construction of Cooks SAT reduction for NP problems. The reduction
constructs an f(n) x f(n) table, with each row representing a configuration at a certain
point in time. The constraints each relate to some table position, and the neighborhood
positions in the previous time point (previous table row); these correspond to the four
parameters of the Cj; ; constraints. These are constrained so that the table describes a valid
f(n)-time computation which begins with some input word and ends in an accepting state
of the Turing Machine.

One may easily verify x € L iff the table satisfies the DOMINO constrains described
above. O

Proof of Theorem 10.3. Using Theorem 10.5, it suffices to prove that DOMINO reduces to
UACSPy, ¢ with quasi-linear blowup.

Let F be a field with |F| > 100- f(n)?, let w € F be a generator of the multiplicative group
F\{0}, let 3 be identified with some S C F with |S| = |X|, let accept = 0 and let reject = 1.
We can thus think of C;; as a quadrivariate polynomial whose domain of interest to us is
»4; its degree in every one of its variables does not exceed |%|.

We define a mapping of [ f(n)]2 index pairs to elements of the multiplicative group by
(i,7) > w®/ (m)+i A UACSP assignment to the table cell variables will be a function with
domain H = {wi'f(”)+j | i,j € [f(n)]}, and we can think of it as a low-degree interpolation
of a DOMINO-assignment:

EBS: We need to be a bit more careful. A has domain H (and range ¥ C F).
So extending it to domain F' needs some explanation.

ER: isn’t it enough to say that it’s the low-degree extension?

A [fm)= 3
J{A(w’i'f(n)Jr]'):A(i,j)
A:F>F
The linear functions forming the constrains will be:
Li(x)=x = table position (4, 7)
Ly(zx)=2-w = table position (7,7 + 1)
Ls(z) = x - wf™ = table position (i + 1, 5)
Ly(x) =2 -w! = table position (7,7 — 1)

We can thus expect the UACSP constraint polynomial to be
f(n)
Cconstraints(x7 Yty .- 7?/4) = Z (6113 ($) : Ci,j (yla ) y4))
ij=1

with 5{2 the minimal degree monic polynomial satisfying:

F1CA PR H {10+
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One may verify that a polynomial AecF/ (”)2[33] satisfies Ceonstraints (that is, B A‘ 5 =0; see
Definition 10.1) iff A satisfies the DOMINO constraints C and A‘H C ¥. To ensure this
additional condition holds, it seems we would require a second constraint polynomial for
checking A evaluates to X on H, namely we should require the following polynomial vanish
on x = A(zg) for all 29 € H:
Cx(z) = H (x — o)
oeY

Fortunately, it is possible to combine these two polynomials into a single one — although
it is not trivial: One cannot simply multiply the polynomials, or degree-shift and multiply
them. Instead, we add another unknown, ys, another linear transform: Ls(x) = x - wf (”)2,

double the size of H by letting H = {wi'f(")+j,wa(”)H'f(")“'j ‘ ie[f(n)?Aje [f(n)]}

and redefining 5{1; using H instead of H. We now force A to evaluate to ¥ on H by
constraining a ‘shifted copy’ of H using the new variable y5 as follows:

n 2n n
Clz,yn,-oys) = D 65@) - Cij(yr..oya) + D Y 6(x) - Cxlys)

ij=1 i=n+1j=1

This construction (due to [11, Section 4.1]) completes our reduction:
1",¢) = (F (L1,...,Ls), H, C)

Now, if (1*,C) € DOMINO(f(n)), there exists an assignment A : [f(n)]*— % satisfying
all C;; constraints; this assignment extends to a UACSP assignment A for which the
Clonstraints (T, Y1, - - -, ¥4) indeed vanishes on all points in F' corresponding to table cells (i.e.
on H), as well as having /~1| y © X; consequently, A also makes C(z,y1,...,ys) vanish on
the relevant points.

One can also show that, similarly, if A satisfies C, i.e. B A| 7 = 0 then the evaluation of A on
H is contained in ¥, i.e. A encodes an assignment to the domino instance, and furthermore,
this assignment satisfies the instance. O
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11.1 Introduction

After proving the first part of Theorem 1.7 by constructing quasi-linear PCPs, we focus on
the second part of the Theorem and construct over the next few lectures PCPs with high
soundness and low query complexity (over the alphabet {0,1}). Such a construction is very
useful for proving tight inapproximability results. In fact, the Theorem we’ll prove will im-
mediately imply that for some NP-hard maximization problems, the ‘trivial’ approximation
algorithms are in fact optimal (unless P = NP)!

The main result we prove is the following Theorem due to Hastad [30]. After stating the
Theorem we briefly discuss some implications of it to approximation problems. The rest of
this Lecture as well as the next two ones will be devoted to sketching a proof of Hastad’s
Theorem.

Theorem 11.1 (Hastad [30]). For all constant €, > 0,

length = oM
randomness = O (log(n))
NP C PCP query = 3(;)(2()37’ alphabet {0,1} ’
time =n
completeness = 1 —¢
soundness = 1/2—1

Moreover, the verifier is non-adaptive and accepts the answers to the three queries (denoted
x1,x2,x3) based on a linear constraint of the form ‘ri+zo+x3 =1 mod 2’ or ‘w1+xo+x3 =
0 mod 2.

Remark. Note that Theorem 11.1 cannot hold with perfect completeness, that is with e =0
unless P = NP, since deciding satisfiability of a linear system is in P. The formulation in
Theorem 1.7 does have perfect completeness and corresponds to a later improvement by
Guruswami et al. [28]. However, the perfect-completeness three-query PCP does not use
linear verifiers.

11.2 Applications of Hastad’s Theorem 11.1 to Hardness of
Approximation

Before stating two of the (numerous) Corollaries of Theorem 11.1, let us formally define the
notion of ‘hardness of approximation’.
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Definition 11.2 (Maximization problem). A maximization problem P is a tuple (Z, f),
where 7 is collection of instances, W (I) denotes a set of ‘witnesses’ for each I, and

fo(IL,W(I)—RT

is an efficiently computable function from instance/witness pairs I € Z,w € W(I) to the
reals. We denote |I| by n. Led

OPT(I) = {wrenv%)}(f(fa w)).

We say a polynomial time algorithm A is an «(n)-approzimator for P, if for all |I|’s,
fI,A(I)) > a(n) - OPT(I). A problem P is «(n)-hard for approzimation, if the existence
of an «a(n)-approximator for P implies P = NP.

When studying hardness of approximation, the following type of promise problems are very
useful.

Definition 11.3. Given a maximization problem P, we define a corresponding family of
promise problems GAP-P(c, s) by

YEs = {I € P|OPT(I) > ¢}
No={Ie€P|OPT(I)<1-s}

Remark. Minimization problems may be defined analogously. Also, other hardness assump-
tions (rather than NP-hardness) may be derived from PCP proof systems, and there are
several works obtaining such results (see the surveys [2, 47] for examples and more infor-
mation).

The first Corollary of Theorem 11.1 shows MAX-3LIN cannot be approximated beyond its
‘trivial’ approximation factor.

Definition 11.4 (MAX-3LIN). An instance of MAX-3LIN is a set of variables z1, . .., zx,
and a set of linear constraints of the form x;, +z;, + x;;, = b mod 2 over the aforementioned
set of variables, where b € {0, 1}. The witness set for I is the set of assignments to x1, ..., zj.
f(C,w) denotes the fraction of constraints satisfied by w.

Corollary 11.5. For all constant ¢ > 0, MAX-3LIN s % + e-hard for approzimation. *

Observation 11.6. Notice Corollary 11.5 gives a tight inapproximability result, because
MAX-3LIN can be approximated in polynomial time to within a factor of % The fac-
tor half approximation holds because the expected fraction of linear constraints satisfied
by a random assignment is (by linearity of expectation) half. Furthermore, a witness w
satisfying at least % of the constraints can be efficiently found using conditional expectancy.

Proof of Corollary 11.5. Assume there exists a (% + ¢)-approximator A for MAX-3LIN for
some € > 0. For any ¢, > 0, Theorem 11.1 implies a polynomial time reduction from
L € NP to GAP-MAX-3LIN(1 —¢’,1 — ) (mapping z € L to YES instances, and z ¢ L
to NO instances). Set &’ = n = ¢/4. Consider the following algorithm B for deciding an
NP-complete language L, operating on x, an instance of L:

"Of course, this result is only meaningful when ¢ < %
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e Reduce x via Theorem 11.1 to an instance C' of GAP—MAX—3LIN(1 —e/4, % — 5/4).
e Apply the (% + ¢)-approximator A to C.
e Output "accept’ iff f(C, A(C)) > 5 +¢/3, and output ‘reject’ otherwise.

Notice the algorithm B runs in polynomial time. We only need to analyze its correctness.
If z € L then C is a YEs-instance, so OPT(C) > 1 —¢/4. Since A is a (3 +¢)-approximator
we have

f(CLAC) > (1/2+¢e)- (1 —¢€/4) > 1/2+¢/3,
so B outputs ’accept’. Similarly, if z ¢ L then

F(C,A(C)) < OPT(C) < 1/2 + /4 < 1/2 + /3,

so B outputs ’reject’. We conclude the existence of a (% + ¢)-approximator for MAX-3LIN
allows polynomial time decision of L, implying P = NP. This completes our proof. O

Another tight inapproximability result, for MAX-3SAT(defined below), follows from Corol-
lary 11.5.

Definition 11.7 (MAX-3SAT). An instance of MAX-3SAT is a set of variables z1, . .., zy,
and a set of clauses C' = {c}, where each ¢ € C is of the form ¢ = x;; V x4, V z;, over
the aforementioned set of variables. The witness set for I is the set of assignments to
Z1,...,2k. f(C,w) denotes the share of clauses in C' satisfied by w. The maximization
problem MAX-3SAT(5) is defined as MAX-3SAT with the additional restriction that
each clause has exactly three variables and each variable appears in the clauses of C' exactly
five times.

Corollary 11.8. For all e > 0, MAX-3LIN is 7/8 4+ e-hard for approximation.

As in the case of MAX-3LIN, the existence of a 7/8-approximator for this problem can
be based on linearity of expectation (and can be found deterministically by computing
conditional expectancies).

Proof. First note a MAX-3LIN instance can be transformed to a MAX-3SAT one, by
replacing the linear constraint z + y + z = b over F9 with the following four clauses:

r4+y+z=1 mod2— (ZVYyVz)A(@TVyVZ)A(xVYVZ)A(zVyV z),

r4+y+2z=0 mod2— (ZTVyVz)A(zVygVz)A(xzVyVZI)A(ZTVYVZ).

The key observation is that an assignment satisfying the left hand will satisfy all four clauses
on the right, and an assignment not satisfying the left hand side will satisfy exactly three
out of the four clauses on the right.

Let € > 0, and assume contrarily to the claim there exists a 7/8 + e-approximator A for
MAX-3SAT. Consider the following algorithm B for deciding an NP-complete language
L, operating on instance x:

e Employing the reduction outlined in Corollary 11.5, reduce x to an instance C' of
GAP-MAX-3LIN(1 — /4,5 —/4).
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e Reduce each linear constraint of C' to four clauses, using the reduction mentioned
earlier in our proof. Let C’ denote the (3CNF') conjunction of all these clauses.

e Output ‘accept’ iff f(C’, A(C")) > 7/8 + ¢/3 and otherwise output ‘reject’.

The running time of B is polynomial, so we only need analyze its correctness. If x € L then
OPT(C') > OPT(C) >1—¢/4, so

FCAC)) > (1 —¢/4) - (7/8+¢) > T7/8+¢/3,

and we output ‘accept’. Similarly, if x ¢ L then

F(C', A(C")) < OPT(C') < (; + 5/4> + Z(; _ e/4> <7/8+4¢/16 < T/8+¢/3.

Therefor, the existence of a (7/8 4 ¢)-approximator for MAX-3SATimplies P = NP and
our proof is complete. ]

11.3 Outline of the proof of Hastad’s Theorem 11.1

We will prove Theorem 11.1 using the following four steps:

I. We start with a basic PCP for NP as stated in the first part of Theorem 1.7.
This system has O (1) queries, perfect completeness and ‘small’ constant soundness
g > 0. As shown in Homework assignment 1, this implies it is NP-hard to decide
GAP-MAX-3SAT(1,&’) for some ¢’ > 0. Now we reduce this gap problem to the more
structured GAP-MAX-3SAT(5)(1,€"”), in which each clause has exactly three literals
and each variable has exactly five appearances in clauses. (We won’t show the details
of this reduction). The extra structure of our gap problem will be useful in the last
step of our analysis.

II. We have reached a PCP system with three queries, perfect completeness, and small
constant soundness €’ > 0. We need a way to amplify soundness arbitrarily close to
1, while using a very small number of queries and constant alphabet size. Keeping the
number of queries small (< 3) is crucial, since we can then hope to reduce the alphabet
to binary by encoding the symbols with a good binary error correcting code. The only
way known today of achieving arbitrary soundness while using only two queries is via
parallel repetition. To apply parallel repetition we transform the PCP system into a
special constraint graph over a regular bi-partite graph, called a ‘label-cover’ instance.

III. At this stage, given &’ > 0 and arbitrary § > 0, we apply Raz’ parallel repetition theo-
rem [40] to the constraint graph from the previous stage. This gives us a PCP system
with two queries (over constant size alphabet), perfect completeness and soundness
1—4. Both running time and alphabet size depend on ¢” and 6. However, for constant
¢”,6 > 0 the running time is polynomial and the alphabet size constant.

IV. In the final stage, we have obtained a sufficiently sound, two query, ‘outer’ PCP. We
now encode each (constant size) proof symbol (corresponding to an answer to a single
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query) by an error correcting code. Since the answer length is constant, we can afford
using a very long code with good local testability and decodability properties. We
will use the aptly called ‘long code’ to encode our proof symbols, and apply Fourier
analysis to obtain tight estimation of the completeness and soundness of our tests.

In what follows we will describe the last three stages outlined above. The first step (reduc-
ing NP to GAP-MAX-3SAT(5)(1,&")) is rather straightforward and can be found in [19,
Section 2].

11.4 Phase II - Reduction to Label Cover

The parallel repetition Theorem of Raz that we shall use to amplify soundness, is usually
described in the literature using notions of interactive multi-prover systems (see [40] for
definitions and more information). In such systems (historically predating PCPs) the verifier
interacts with two computationally unbounded provers. The investigation of multi-prover
systems is a major theme of theoretical computer science (see the survey [24] for more
information). However, following [31] and favoring simplicity over historical context, we will
state Raz’s Theorem using a special case of it formulated in terms of bipartite constraint
graphs. Recall the following definitions and notation: Constraint graph G (Definition 4.7),
its assignment A (Definition 4.3) and soundness s(G) (Definition 4.9) and the promise
problem GAP-CG(X, s) (Definition 4.11).

Definition 11.9 (Label Cover). Let d, M, N € NT, an instance of LABEL-COVER(d, M, N)
is a constraint graph

G§=(G,E5,C={C.lec E})
satisfying the following additional requirements:
e (i is a bi-partite (multi)-graph over vertex set W UV and edge set E.
e (G is regular with right degree d and left degree d|W|/|V|.
e ¥ is the union of Xy (left colors) and Xy (right colors), where |Xyw | = M, |[Ey| = N.

e The only ‘legal’ assignments give W values in Xy and give V values in %y. Formally,
for every edge e = (w,v),w € W,v € V and assignment o1,09 € X,

If (01 ¢ Xw or o3 € Xy) then Ce(01,02) = reject.

The language LABEL-COVER(d, M, N) is the set of satisfiable instances, for which s(G) = 0.
The promise problem LABEL-COVER(d, M, N, §) has:

e YES = {G| is a LABEL-COVER(d, M, N) instance and s(G) = 0}.

e No ={G| is a LABEL-COVER(d, M, N) instance and s(G) > §}.
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W.lo.g. an assignment to an instance of LABEL-COVER(d, M, N, §) can be thought of as a
pair of assignments Ay : W— Xy, Ay : V— Xy, because forcing this restriction does not
reduce the perfect completeness (an assignment satisfying all constraints must be of this
form) and the soundness can only increase. Thus, from here on we assume all assignments
are of this form. The following Theorem is a straightforward corollary of the NP-hardness

of MAX-3SAT(5)(1,&").

Theorem 11.10. There exists constant € > 0 such that it is NP-hard to decide
GAP-LABEL-COVER(d =5,M =7,N =2,s =¢&"").

Proof. We start with MAX-3SAT(5)(1,&”). Let ¢ be an instance of this promise language,
with m clauses ¢1,..., ¢, and n = 3m/5 variables z1, ..., x,. We construct the following
regular bi-partite multi-graph. Let W be the set of clauses, V' be the set of variables, and
connect ¢; to z; iff x; appears in ¢;. Notice G is a regular (multi) graph with right degree 5,
left degree 3, |W| = m and |V| = n. The left alphabet is Xy = {o01,...,07} and the right
one is Xy = {0,1}. We next describe the edge constraints. Let e = (¢;,z;) € E where x;
appears in ¢;. Notice there are exactly seven assignments to the variables of ¢; that satisfy
¢;. We associate them arbitrarily with Xy . For o € Xy, b € {0, 1}, we define

accept the restriction of ¢ to variable z; equals b
reject otherwise

Culant) = {

Having defined our reduction, we are left with arguing completeness and soundness. As
usual, completeness is easy. If ¢ is satisfiable we set Ay to equal a satisfying assignment,
and Ay will be the corresponding (satisfying) assignment to all clauses.

Regarding soundness, suppose ¢ is a No-instance of MAX-3SAT(5)(1,&”). Notice any
assignment Ay : V— {0, 1} corresponds to an assignment to ¢. Thus, it falsifies at least
¢” clauses. Thus, with probability €” we select on the left hand side a vertex corresponding
to a clause ¢; unsatisfied by Ay . But the assignment to ¢; by definition satisfies ¢;, so it
must be inconsistent with at least one variable under the assignment Ay. We conclude the
rejection probability is at least ¢” =¢”/3 > 0. O

11.5 Phase III - Soundness amplification via parallel repeti-
tion
To boost soundness, we define a graph powering operation on LABEL-COVER instances. For

G = (W, V,E) a bi-partite graph and integer k, let G®* be the bi-partite graph with left
vertex set W5 =W x ... x W, right vertex set V* and edge set
N————

k times
Eok _ {(w,@) e Wk x vk ( (w;,v) € E(G) for i = 1k}

Definition 11.11 (Repetition powering). Let G = {G, Xy U Xy, C} be a constraint graph
instance of LABEL-COVER(d, M, N) and let & > 1. The k-powering of G is defined to be

g=+ = {G**, o, ush, et
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Where the constraint for each edge (w,v) € E(G®*) is

Ce((o1,...,0k),(01,...,0})) = accept < /X\ (Cluw, i) (04, 07) = accept)

The following is a special case of the celebrated Parallel Repetition Theorem of Raz. The
general statement (appearing in [41]) applies to any two-prover, one round, interactive proof
(of which our LABEL-COVER instances are but a special case).

Theorem 11.12 ([41]). For any integers N, M,d there exists a constant o« > 0 depending
only on N, M such that the following holds. For any instance G of LABEL-COVER(d, M, N)
and all integers k,

s(g®k) >1 - (1-s(G))**.

Remark. A different soundness amplification technique, very similar to parallel repetition,
was shown by Feige and Kilian [21]. Their result can also be applied to obtain inapproxima-
bility results and in certain settings outperforms parallel repetition. We refer the reader to
[21] for more information and a comparison of the two soundness amplification techniques.
In this course we use the simpler-to-state Theorem 11.12, that also has better parameters
in the setting we’re interested in (constant alphabet size and constant initial soundness).

Applying Theorem 11.12 to Theorem 11.10 boost the soundness arbitrarily close to one.

Theorem 11.13. For any constant € > 0 there exists an integer k depending only on €
such that it is NP-hard to decide GAP—LABEL—COVER(d =5k M =7 N=2Fs=1- 5).

Proof. We start with an instance G of the NP-hard language GAP-LABEL-COVER(5, 7, 2,")
from Theorem 11.10. Let a = (M, N) be the constant from Raz’s Theorem 11.12. Take
k to be the minimal integer such that (1 —&”)®* < ¢ and notice k depends only on &,
because ", o are fixed. Consider the polynomial time reduction sending G to G®*. By
Definition 11.11, G®* is an instance of LABEL—COVER(dk, 7", 2’“). Completeness is easy to
argue, because

G € LABEL-COVER(5,7,2) = G%F ¢ LABEL—COVER<5k, 7~ 2’“).
Regarding soundness, assume G is a No-instance, i.e. $(G) > &”. Theorem 11.12 implies
5(G®¥) > 1 — . This completes our proof. O

A comparison of Raz’s Theorem 11.12 with Dinur’s Gap amplification (Proposition 7.1) is
due. On one hand, Raz’s Theorem implies for any pair of constants 0 < s < s’ < 1, we
can boost the soundness from s to s’ by a constant number of parallel repetitions. And
it is precisely the ability to boost soundness arbitrarily close to one that will be crucial
for proving Hastad’s Theorem 11.1 (as well as for proving many other inapproximability
results). Recall Dinur’s gap amplification fails to boost soundness beyond s = % (as argued
in Homework assignment 2). On the other hand, Raz’s soundness amplification comes with
a large price-tag in terms of size, because parallel repetition gives \g®’f\ ~ |G \k whereas
Dinur’s graph powering of a d-regular graph gives ‘Qk‘ ~ d* - |G| (and typically d = O (1)).
Achieving the best of the two worlds, i.e. boosting soundness arbitrarily close to 1 with
only a small increase in problem size, is a major open problem in this field.
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At first sight, Raz’s Theorem 11.12 looks easy to prove. If s(G) = s, then for any

assignment to G, selecting k edges and repeatedly querying both end points will cause the
acceptance probability to be at most (1 — s)¥. In other words, the soundness of k-wise
sequential repetition is at least 1 — (1 — s)k. How can the parallel version do any better?
Actually, in the early days of PCP research it was believed the parallel repetition bound
is equivalent to the sequential one, i.e. the parameter « appearing in the statement of
Theorem equals one. However, as counter-examples emerged (one such example is given
in Homework assignment 3), it became evident that proving the parallel version would be
harder than the (trivial) sequential case. Indeed, Raz’s proof of Theorem 11.12 is uses
some heavy information-theoretic machinery (beyond the scope of this course). Finding a
simpler /different proof of this fundamental Theorem remains an important challenge.
For the rest of the lecture we will discuss some of the problems of the soundness analysis
of parallel repetition. As mentioned above, parallel repetition provides somewhat weaker
soundness than expected at first glance (because « is typically smaller than 1). Consider
a 2-wise (parallel or sequential) repetition over an instance G. For simplicity assume G =
(W, V, E) where |W| = n and the vertices of W are indexed by {1,...,n}. In this scenario,
verifier selects two edges (w1, v1), (wa,v2) € E. In the sequential case, verifier makes four
queries: wi,v1,ws,v2. In the parallel case, the verifier makes only two queries: (w1, ws)
and (v1,v2). In both cases we have

Pr[accept both trials] = Pr[accept first trial] - Pr[accept second triallaccept first trial]

However, in the case of parallel repetition the answers of the provers in the first trial
may depend on the queries for the second trial (ws,v2), so success in the first trial may
give additional information about the pair in the second trial, thus raising the conditional
success probability there.

For concreteness, suppose the first prover answers w; with (say) the parity of the index ws.
Now, the second prover receives v1, vo, thus has some initial information about the possible
values for wy (it is a neighbor of vy in G). The second prover also knows her answer to
the first query. The additional knowledge of success in the first trial gives her additional
information about the identity of wy — it is a vertex whose index-parity (when given as
an answer by the first prover in the first round) causes the first round to succeed. This
information may increase the success probability of the second prover in the second round!
If the above example seems somewhat contrived, Homework 3 shows an explicit example
where the two-wise parallel repetition (of a general MIP game) does not increase the
soundness at all! (and the reason is precisely the passage of information as outlined above).

8

What next? With this we end our (far too brief) discussion of soundness amplification
via parallel repetition. In the next couple of lectures we will start with a two-query PCP
system with perfect completeness and arbitrarily large soundness over a large constant
sized alphabet, and see how to reduce the alphabet to {0,1}, using three queries and

soundness ~ %, completeness = 1.

8Notice we're only assuming |Sw| > 2. If By is larger than two, then the first prover can ‘pass even
more information’ about w> in her first-round answer.
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Technion From error-correcting codes to hardness of January 12th,
I1IC: 236610 approximation in light of the PCP Theorem 2006

Lecture 12: Revisiting the BLR Linearity test with Fourier analysis

Lecturer: Eli Ben-Sasson Scribe: Dan Baum and Eli Ben-Sasson

To complete the proof of Hastad’s Theorem 11.1 we need to introduce tools from analysis of
Boolean functions using Fourier representations. As a warm-up, we will use these tools to
improve the soundness parameter of the BLR linearity test (Theorem 2.9). Next lecture we
will employ our new toolbox to complete the proof of Hastad’s Theorem 11.1 (by proving
Phase VI from section 11.3).

12.1 Fourier representation of Boolean functions

Let F, be the set of functions f : {0,1}"— R whose domain is Boolean and range is the
real numbers. f can be represented as a vector of 2" real numbers

(£(00...00), £(00...01),... f(11...11)).

In other words, F,, is a 2"-dimensional vector space over R. The standard basis for this
space is the set of delta functions {0, (z) | @ € {0,1}"} where

So = (0,0...0, 1 ,0,...,0).
~
(6%

We now describe a different basis for F,, called the Fourier basis, whose basis-elements are
the characters I3 described below, where Fy is the two-element finite field.

Definition 12.1 (Character). For a € {0,1}", the a-character is the function
Xa ' {071}71_) {17 _1}

) | (G
=1

Remark. Characters are studied in ‘representation theory’, the theory dealing with repre-
sentations of groups as matrices. In general, a character is a homomorphism from a group
G to the complex unit circle (consisting of complex numbers with absolute value one).
In Definition 12.1, G is the additive group {F3',+} and a character maps this group to
{1,—1} c C. For more information see e.g. [33, Chapter 5], [44].

A useful property of characters, whose proof follows by inspection, is summarized below.
Throughout this lecture, the bit-wise xor operation is denoted by .

Claim 2. For all o, 3,2,y € {0,1}",

Xa(7) - Xxp(2) = Xawp(®) and X, () - Xo(y) = Xo(z S y).
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Notice there are 2" distinct characters (one for each o € {0,1}"), thus we have the right
number of elements to form a basis for F,,. Do the characters form one? To answer this let
us introduce an inner product over the 2"*-dimensional space JF,, given by

(o9 € 2 ST f@)-g(x) = Ex[f(2)g()). 8)

x
z€{0,1}"

Recall an inner-product defines a norm on vectors, given by |v| Lt (v, v). Recall a
set of vectors V' is ortho-normal (with respect to an inner product) if |v| = 1 (normality)
and (u, v) = 0 for all u # v € V (orthogonality). Recall a ortho-normal set of N vectors
residing in a N-dimensional vector space over R forms a ortho-normal basis.

Claim 3. The characters form an ortho-normal basis for F,.
Proof. For a, 3 € {0,1}" and v = a @ 3, Claim 2 and Equation (8) imply
Xa s xp) = Ex[xy(2)]-
If « = @ then v = 0 and Ex, [Xﬁ] = 1, because xg(x) = 1 for all . We conclude the

characters are normal. To prove they are orthogonal let o # [ and assume wlog v1 = 1.
Then

(Xa» X8) = %x[xﬂ,(:c)] = E;x

(by independence of the x;s)

(notice Ex,, [(—1)*1] = 3(1+ (=1)) =0, s0 )
=0

We conclude the characters form an ortho-normal set of cardinality 27, i.e. they form an
orhto-normal basis for F,. ]

Claim 3 implies every function in (the vector-space) F,, can be represented as a (unique)
linear combination of characters, i.e.

F@) =3 fu- Xal@),
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where fa € R is called the a-coefficient of f under the Fourier basis representation. More-
over, f, is computed by taking the inner product of f and Y, i.e. it is the projection of
(the vector) f on (the basis vector) x,,

fa:<f7Xa>' (9)

We conclude with a very useful property to be used later on, saying that representing f
under the Fourier basis does not change it’s norm

<\ 2
Parseval’s Equality: For all f € F,, Z (foz) = |f]? (10)
aecf{0,1}"

Notice Parseval’s Equality implies that if the range of f is {1, —1} (as we’ll soon assume it
to be), then || f| = 1 so the sum of squares of it’s Fourier coefficients is one.

12.2 Fourier analysis of the BLR linearity test

We now use the Fourier representation to analyze the Blum-Luby-Rubinfeld (BLR) test of
the Hadamard code. Recall the definitions of the n-dimensional Hadamard code H,, (Defini-
tion 2.5); Hamming distance A(+, ) and relative Hamming distance A*(-,-) (Definition 2.2);
and the BLR tester Ty (appearing in the proof of Theorem 2.9).
We are given oracle access to a Boolean function f : {0,1}"— {0, 1} and wish to distinguish
between the case f € H, (or A*(f, H,) = 0) and the case A*(f, H,) is large. The BLR
test addresses this problem by randomly and independently selecting z,y € {0,1}" and
accepting iff

f@)efly)e flzey) =0
Let us change the range of f from {0,1} to {1, —1}. Formally, let f : {0,1}"— {1,—1} be
the function defined by f(z) o (—1)7®). The reason for this transformation is given by
the following claim.

Observation 12.4. For a € {0,1}" let £, : F'— F, be the linear function as in Defini-
tion 2.5. Identifying the two-element field Fy with {0,1} we have b, = Xo» i-€. for all
LS {07 l}n’ Xa<l') = (_l)fa(:r).

Consider the possible benefit from our new view. We’re interested in estimating the distance
of f to H,. Now, our problem is transformed to that of measuring the distance of the vector
f to the ortho-normal basis of characters. And to solve this problem, we only need to know
the projection of f onto the various characters (as shown by the following claim).

Claim 5. For f,g : {0,1}"— {0,1} and f,§ as defined above,
Proof. If f(x) = g(x) then f(z)§(x) = 1 whereas f(z) # g(z) implies f(x)j(z) = —1. Thus,
1- f(w)é(af)] _ 1/2<1 _ <J;’ §>>'

A*(f.9) = Bx[[(x) £ g(x)) = Bx | —
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We are ready to prove the main result of this lecture, namely the improved-soundness
version of Theorem 2.9. The idea of our proof is to express the success probability of the
BLR tester on oracle function f in terms of the Fourier coefficients of f. In particular, we’ll
show that a large success probability implies the existence of a large Fourier coefficient fa.
Using Claim 5 we will conclude f is close to the linear function ¢,.

Theorem 12.6. The Hadamard codes {H, |n € NT} are (time = O(n),randomness =
2n,query = 3,soundness = s(0) > 0)-LTC’s, with the BLR linearity tester achieving these
parameters.

Remark. Recall Theorem 2.9 claimed s(d) > min(d/2,2/9), which is weaker than our new
statement. We point out the original proof of Theorem 2.9 does have an advantage over
our new one. Namely, the ‘combinatorial’ proof in Lecture 2 can be applied to the problem
of Homomorphism testing over any group. In contrast, the new proof below works only for
homomorphism testing over groups that can be represented using the Fourier basis, and it
turns out that groups having this property are necessarily Abelian.

Proof. The running time, randomness, query complexity and completeness were argued in
the proof of Theorem 2.9. We focus on the soundness. Note

Pr[accept]

= Prif(n)& f(y) =z &y)]

z7y

- Bx|;(1+ f@iwian)| -5 (1+ Bx[f@iwiaay))

(take the Fourier representation of f and use fa to denote the a-coefficient of f )
1 A . .
= (1B X fexa@ || X Fas@) )| X Fxaey)
’ ae{0,1}" B8e{0,1}" ~e{0,1}"

(linearity of expectation allows us to change order of summation)

= 3|1+ X ol Bxl@ns i @ )

B,y

(Claim 2 implies x(z © y) = x~(%)xy(y) and X, (2)X+(7) = Xaay(z) and x5(y)x+(y) =
Xpey(Y))

1 A a oA
= 5 14+ 2 fafﬁf’y . ]E;([XaGBV(x)Xﬁ@W(y)]
a,8,y 7
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(independence of z,y allows us to multiply expectations)

1 A A A
- 5|1+ S fafsfy Ex[Xaey()] 'EyX[XBer(y)]
a,8,y

Claim 3 implies Ex;[Xagy(2)] = 0 unless av = v. Similarly Exy[xgae~(y)] = 0 unless oo = .
Thus, we only sum over « = 3 = 7. For this case (« @y = @~y = 0), Claim 3 implies
Ex, [Xﬁ] =1, so

Prlaccept] = 1/2 (1 + Z fE)

Assume p < Prlaccept], so by our previous calculation
peva(1e )
«

20-1<Y f3.
o

Pareval’s Equality (10) implies 3_, f2 = 1. Notice f2 € [0,1], so think of f2 as defining a
probability D over {0,1}". Taking this view, the previous inequality says the expectation
of f, according to D is at least 2p — 1. This implies there exists « such that

faz20-1. (11)

We are almost done. Informally, a large value of fa means the projection of f onto X, is
large. But this large projection implies large proximity of f to 4. Formally, Claim 5 gives

s = 20 (7))

or

Equation (9) implies

301

Equation (11) implies

1

<S(1-(2-1)<1-p.

|

We have proved
Prlaccept] > p = A*(f, H,) < 1—p.

Set 6 =1 — p and reverse the implication above,

A*(f,Hy) > 6 = Prlaccept] < 1 -,

or in other words, the BLR-soundness function satisfies s(d) > § as claimed. Our proof is
complete ]
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Technion From error-correcting codes to hardness of January 26th,
I1IC: 236610 approximation in light of the PCP Theorem 2006

Lecture 13: Hardness of Approximation III: Testing for Dictatorship

Lecturer: Eli Ben-Sasson Scribe: Eyal Rozenberg and Eli Ben-Sasson

13.1 Overview

In this lecture we complete the proof of Hastad’s Theorem 11.1 by completing Phase IV of
section 11.3. Our starting point is the gap-problem from section 11.5 restated below.

Theorem 13.1. Theorem 11.13 For any constant € > 0 there exists an integer k depending
only on € such that it is NP-hard to decide GAP—LABEL—COVER(d =5k M=7TFN=2Fs=1— s).

The above gap-problem has a natural verifier with perfect completeness and high-soundness.
Namely, verifier picks a random edge e = (w,v) and accepts iff the edge-constraint C, is
satisfied by the assignment to w, v.

In order to complete our proof, we need to reduce the alphabet size from max {M, N} to 2
and construct a three-query linear test for the new problem that will have large completeness
and soundness.

To reduce the alphabet size we will ask our prover to encode each symbol in [M], [N] (i.e.
value of her assignment) by a special code (over the binary alphabet) called the long code,
which we describe in the next section.

Following that, we will use a modified version of the (three query) BLR linearity test to
test proximity to the long-code. However, this test is not sufficient for our purposes. We
are given encodings of assignments to vertices w,v and need to test that the un-encoded
assignments satisfy a constraint. The final part of our proof will be to analyze a test that
makes two queries to the encoding of w and one query to the encoding of v that achieves
our goal.

13.2 The long code

To define the long-code, we start by defining a simple, yet important family of functions,
that correspond to codewords of the long-code. Recall ¢, : F3'— F is the linear function
given in Definition 2.5. We identify the two-element field F5 with {0, 1}.

Definition 13.2 (Dictatorships). A function f : {0,1}— {0,1} is a dictatorship if there
exists i € [N] such that the value of f(z) is dictated by x; (the ith bit of x). In other words,
f(z) =L, (x) where

ei=10,...,0,1,0,...,0
—— N——
i—1 N—i
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Remark. The function f(z) = 1 — £, (z) is also a dictatorship (also known as an anti-
dictatorship) because z; dictates the value of f(x). However, in what follows we will only
need the dictatorship functions where f(x) agrees with ;.

We now define the code that will eventually be used for encoding assignments to a constraint
graph instance of GAP—LABEL—COVER(d =5k M=T" N=2Fs=1- E). The code was
introduced by Bellare, Goldreich and Sudan [8].

Definition 13.3 (Long code). The long code with N messages is the mapping
Dy : [N]= {0,1)*"

which sends i € [N] to the truth-table of the dictatorship ¢.,. Formally, using Hx to denote
the N-dimensional Hadamard code (Definition 2.5),

Dn(i) = Hn(e;) = (Le; (x))xeFQN

The ‘long code’ is indeed ‘long’, because it sends a message of length k = [log(N) | (en-
coding i € [N]) to a codeword of length 2V = 22",

13.3 Testing the long code with noisy queries

We now define a three-query linear test for the long-code and analyze it using Fourier
representations. By ‘linear test’ we mean a test that makes three queries and accepts iff
their xor is zero. We start with some intuition.

Suppose we wish to test if f : {0,1}"— {0,1} is (close to) a word of the long-code, and
have at our disposal a distribution over (three-query) linear tests.

The codewords of the long-code Dy correspond to a subset of the Hadamard code Hy.
However, the long-code is not linear, because although both /,, £, are codewords, this is
not true of le,@e;. If we expect perfect completeness from our test, we're bound to get into
trouble. The set of words passing a set of linear tests with perfect completeness must be a
linear space. But as we just said, the long-code is not a linear code. Thus, we will need to
settle for a (linear) test that has imperfect completeness.

Suppose f = ¥¢; is a word of the long-code. Clearly, f passes the BLR linearity test with
perfect completeness, but so does any linear function. We need a test that will distinguish
f from some ¢, where « has large support.

The solution is to perturb one of the three BLR-queries by flipping each bit independently
with probability 1/100. I.e. instead of querying f(x @ y) (in addition to querying f(z), f(y)
as in the standard BLR test), we ask for f(x @ y @ p) where p € {0,1}" is ‘noise’, to be
thought of as random and having small support. Notice that as long as p; = 0 (which
happens with probability 0.99) we will still have f(z)® f(y) = f(x @y ® ). Now consider
{, where « has large support. Notice £, is ‘more likely’ to be hit by u in which case the
perturbed BLR test will reject. Details follow.

Definition 13.4. [Noise] For noise parameter p € [0, 1] let \V. pN be the following distribution
over {0,1}. To select p € {0,1}" according to Ngv, set

{0 w.p. 1—p
Hi =
1 wop.p
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for each ¢ € [N] independently at random.

The following long-code test is a modification on the BLR linearity test, and was introduced
by [30].

Definition 13.5 (Hastad’s long-code test). For noise parameter p € [0, 1] and oracle access

to f : {0,1}"— {0,1} the long-code tester Téw,p proceeds as follows.

e Select z,y € {0, 1}N uniformly and independently at random.
e Select p € {0, I}N according to distribution N gv .

o Accept iff f(z) @ f(y) = flx @y ® p).

Notice the long-code test is a three-query, linear test. To analyze its completeness and
soundness we need the following definition of an ‘almost-dictatorship’.

Definition 13.6 (Juntas). Let § € [0,1] and h € N*. We say the Boolean function
£ {0,13Y = {0,1} is a (6, h)-junta if at least one o € {0, 1}" with |a| < h satisfies fo > 0

where f, is the a-coefficient of the Fourier representation of the function f(z) o (—1)f@),

Indeed, a Junta is ‘almost’ a dictatorship because it can readily verified that a dictatorship
is a (1,1)-Junta. We are ready to analyze Hastad’s long-code test.

Proposition 13.7. For all N € Nt every function f : {0,1}"— {0,1} and every p,n > 0,
Hastad’s (three-query, linear) long-code test satisfies

e Completeness: If f is a dictatorship, Pr [T{; p= accept] >1—p.
e Soundness: If Pr TgN b= accept} > 1/2+4mn, then f is a (277, ln(n>>—junta.

The probability in both cases above is over the coin tosses of the long-code tester.

Proof. Asusual, completeness is easy. If f = /., is a dictatorship, the acceptance probability
is the probability of not flipping the dictator bit, i.e. Pr[u; = 0] =1 — p.

Regarding soundness, we use Fourier analysis to show that large acceptance probability
implies f is a junta. We follow the method of proof of Theorem 12.6. In particular, we look
at f(z) = (—1)/@ and use f, to denote the a-Fourier coefficient of .

Priaccept] = Ex B(l @) fw) - faeye m)}

LY,

:f+ EX [f(x)f(y))f(x@y@ﬂ)}

2 2zyp
:%+ %Eﬂ (Z faxa(az)> > faxsv) (Z ]EWXV(x@yEBM))
Y, ~ > -
IR [
N 5 + §w7yu % fafﬁfW ’ Xa@’y(x) : Xﬁ@fy(y) : X'y(ﬂ)
] "Y
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(by linearity of expectation and independence of x,y, 1)

£33 Fufoly BX N @] - BX [0, ()] - Ex[x, (0]
B,y

N |

(since V¢ # 0 [EX [x] = 0}, and Ex[yg] = 1)
1 1 s
=5 72-70”/ +1-1-Ex[x, (p)]
2 2 " w
(by independence of the 1;’s)
= 2+ S T B
2 2 T
~ i
(since v; = 0 = Ex,,[(—1)"""] = 1 and otherwise the value is 1 w.p. 1 — p and —1 w.p. p)
1 1 A
=5t f-1-2p)"
5
now, under our assumption
1 1 1 A
- < 1z 3.(1 — 7]
5t < 2+227:f7 (1-2p)

<D =20 =2 (1= 2p)
ol v

Parseval’s Equality (10) implies { f% ‘ ~v € {0, I}N} defines a distribution over {0, l}N, SO

Markov’s inequality assures us that there must exist some vy with 2n < fvo (11— 2p)|70‘.

Since (1 — 2p), f% < 1 we have f% > 2n and (1 — 2p)‘7°| > 2n. Now, since 1 —z < exp(—x),

we may conclude that

exp(—2p|v0]) > 27
—2p|v0| > In(2n)

iz () o ()

as required. ]

13.4 Completing the proof of Theorem 11.1

Let us restate the Theorem we’re going to prove.
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Theorem 13.8 (Theorem 11.1). For all constant e,n > 0,

length = oM
randomness = O (log(n))
NP C PCP query = 3(;)(157“ alphabet {0,1} 7
time =n
completeness = 1 —¢
soundness = 1/2—n

Moreover, the verifier is non-adaptive and accepts the answers to the three queries (denoted
x1,x2,x3) based on a linear constraint of the form ‘x1+xo+x3 =1 mod 2’ or ‘wv1+x2+23 =
0 mod 2"

Proof. Let 1, || = n be an instance of an NP-languange L. Our verifier starts by reducing
1 to an instance of GAP-LABEL-COVER(d =5k M=7" N=2Fs=1— p), where p =
p(e,n) will be defined later. Notice the reduction runs in polynomial time, because 7, e are
fixed constants. Let

G§=(GX,C={C.|ecE})

be the constraint graph as in Definition 11.9 that v is reduced to. Recall ¥ = Xy U Xy
where | Xy | = M, |Xy| = N, so wlog set Xy = [M], Zy = [N]. Recall an assignment to G
labels each left vertex by i € [M] and each right vertex by j € [IV].

Projection property Let us examine a useful property of our edge constraints. Let (w, v)
be an edge. Recall (from the proof of Theorem 11.13) that the left-vertex w corresponds
to k clauses ¢1,..., ¢ from a 3-CNF and the right-vertex v corresponds to a subset of k
variables z1, ..., zx of ¢1,...,¢r (one variable per clause). Recall an assignment to w gives
an assignment to all literals in ¢1,..., ¢; that satisfies these clauses. Furthermore, once
this assignment is given, there is one and only one assignment to v that will satisfy the edge
constraint over (w,v), namely the projection of the assignment to ¢1,..., ¢ to variables
21,...,2k. Thus, we can view the constraint C, ,) as a mapping

T(ww) * [M]— [N], (12)
where for i € [M], we define 7, (i) to be the unique j € [N] such that

Clw,w) (i, T(w,0) (i) = accept.

Proof Oracle As a proof, the verifier expects to see for every w € W a word of 2M bits,
which is supposed to be the long-code encoding of the assignment to w. Similarly, for each
v € V verifier expects a word of 2V bits (the supposed long-code encoding of the assignment
to v). Formally, the proof oracle is collection of purported long-code words, one per vertex,

H:{gw : {0,1}M—>{0,1}‘weW}U{fU : {0,1}N—>{0,1}‘UGV}.

Notice the size of our proof oracle is polynomial in |G| which is polynomial in the size of
the original input instance .
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Verifier operation First, verifier selects a uniformly random edge (w,v) € G. Let
g = gw and f = f,. Let m = m(,,) be the constraint associated with this edge as

per Equation (12). For # € {0,1}" let S, C [N] be the set whose indicating vector
is z, ie. S={je[N]|zj=1}. Let 7 1(S;) = {i € [M]|n(i) € S;} be the pre-image
of S, under m. Finally, let 7= 1(z) € {0,1} be indicating vector of the set m1(S,)
defined by (77 '(x)), = @ for i € [M]. Verifier runs the following sub-test, denoted

TIJ{cégstad[Wv M, N, e].
1. Draw z € {0,1}", y € {0,1}* independently and uniformly.
2. Draw p € {0,1}* according to noisy distribution N5,
3. Let z=y 7 z) D p.

4. If f(x) @ g(y) ® g(z) = 0, accept; otherwise reject.

Basic properties Notice the test above is linear, makes three queries over the binary
alphabet and requires O (n) random bits and n®® running time. We only need to verify
completeness (easy) and soundness (less easy).

Completeness Suppose ¥ € L. By Theorem 11.13 there exists an assignment
Aw : W— [M], Ay : V— [N]
satisfying all constraints, i.e.
T(w,v) (Aw (w)) = Ay (v) for all edges (w,v) € E.
As a proof oracle, take the long-code encoding of such an assignment. Formally,

II={gw=Du(Aw(w)) |w e W}U{f, = Dn(Ay(v)) |v e V}.

Consider the success probability of the tester above when applied to random edge (w,v),
where Ay (w) = i, Ay(v) = j. By construction f = f, = £, and g = g, = L, SO
f(z) = zj,9(y) = y; and g(2) = y; & (77_1(:1:))1. @ p;. The crucial observation is that
(W_l(:n))i = x; because 7(i) = j. We conclude

Pr(f(z) ® g(y) ® g(z) =0 =Pr(z; ®y; @ (y; ®xj O ;) = 0] = Pr[p; =0] =1 —¢.

Notice the acceptance probability above applies regardless of our selection of the edge (w,v),
by the perfect completeness of Theorem 11.13. This proves completeness > 1 —¢ as claimed.

Soundness Suppose ¥ ¢ L. Theorem 11.13 implies any assignment cannot satisfy more
than a p-fraction of edge constraints. The main claim used in analyzing the soundness is
Proposition 13.9 below. It’s proof uses Fourier analysis techniques discussed in the past two
lectures and is part of Homework assignment 4.
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Proposition 13.9. Let f,g, 7,7 be as defined above. Let fﬁ,ga denote respectively the a,

B Fourier coefficient of the functions f(x) def (—1)7®) and §(z) dof (—1)9(),
For every e,n > 0,

1 N
I Pr[Tf ol M. N, ] = accept] > =, Then S @Bz
ac{0 1}, pefo,1}
SgCm(Sa)

|alisi<o(Lm(L))

where Sg, S are the respective subsets of [N],[M] whose indicator vectors are (3, a, and

w(Sa) ={m(i)|i € Sa}.

Let us ‘decode’ an assignment A for G from any proof II. Later we will claim that high
acceptance probability of IT implies high acceptance probability of A (contradiction).
Repeat the following ‘decoding’ process for each w € W, where g = g,, is the purported
long-code of the assignment to w. Parseval’s Equality (10) says Y., 92 = 1, implying
{a2
to this distribution. Let S, C [M] be the set whose indicator vector is a. Sample a random
i € S, and set Ay (w) = 1.

Similarly, repeat the same process for every v € V, with f = f, the purported long-code
of the assignment to v. Namely, pick random Sz C [N] according to the distribution
{fﬁ
obtained an assignment to G.
Assume, by way of contradiction,

a € {0, I}M} is a distribution over {0,1}*. Sample a random a € {0, 1}* according

g €0, 1}N}, and set Ay (v) = j for a randomly chosen j € S3. Notice we have

Pr[V"[y] = accept] > 1/2 + 1 (13)

where V' denotes our PCP verifier and the probability is over her random coin-tosses. Our
main claim is

WP [ (Aw () = Av(e)] > p (14)
where A is the assignment obtained from II be the ‘decoding’ process. Notice A satisfies
more than a p-fraction of constraints, contradiction. Thus, from here on we focus on proving
Inequality (13) implies Inequality (14).
Consider a verifier for G which selects a random edge and reads the assignment to both
vertices. Inequality (13) implies that with probability at least 1/2, the verifier V selects
a ‘good edge’ (w,v) such that the ‘If’ (left hand) side of Proposition 13.9 holds, so (by
this Proposition) the ‘Then’ (right hand) side also holds. Viewing Fourier coefficients as
defining a distribution, the right hand side of Proposition 13.9 says that with probability
at least n?, the decoding process has chosen’ ‘good a and 3 such that Sz C 7(S,) and

laf, 18] = O (é . ln<%>> If this holds, then with probability at least (|a||3])~" the decoding

process has also chosen ‘good assignments’ Ay (w) = 7 and Ay (v) = j such that 7(i) = j, in

9We stress the decoding process does not depend on the edge (w,v) or on the queries of the verifier V.
Rather, a value is assigned to w and v beforehand.
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which case the constraint Cy, ) is satisfied. The combined probability for all of the above
occurring is at least:

2
2 £ _
—— ~— ~ In(1/n) ~
good edge good a and 8 the O (-) constant N—— some constant depending only on €,n

this is (Ja]|8) "

We conclude the existence of an assignment for G satisfying a k-fraction of constraints.
Thus, setting p < kK = k(e,n) in Theorem 11.13, we show our assumption (Inequality (13))
implies a contradiction. We conclude

VIL, Pr [VH[¢] = accept| < 1/2+17.

This completes our proof of Theorem 11.1, modulo the proof of Proposition 13.9 which is
part of Homework assignment 4. O
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